Domain decomposition preconditioners:theoretical properties, application to the compressible Euler equations, parallel aspects by Sala, Marzio
THÈSE NO 2733 (2003)
ÉCOLE POLYTECHNIQUE FÉDÉRALE DE LAUSANNE
PRÉSENTÉE À LA FACULTÉ SCIENCES DE BASE
SECTION DE MATHÉMATIQUES
POUR L'OBTENTION DU GRADE DE DOCTEUR ÈS SCIENCES
PAR
dottore in ingegneria aerospaziale, Politecnico di Milano, Italie
et de nationalité italienne
acceptée sur proposition du jury:
Prof. A. Quarteroni, directeur de thèse
Prof. H. Deconinck, rapporteur
Prof. M. Deville, rapporteur
Dr A. Toselli, rapporteur
Prof. A. Valli, rapporteur
Lausanne, EPFL
2003
DOMAIN DECOMPOSITION PRECONDITIONERS:
THEORETICAL PROPERTIES, APPLICATION TO
THE COMPRESSIBLE EULER EQUATIONS,
PARALLEL ASPECTS
Marzio SALA

 
	

ﬀﬁﬃﬂ !" !# !ﬁ$&%'&(*)+ !+',-/.ﬃ0.ﬃ121!+13ﬁ")"4'$5 2 !4'+ﬁ76/.4ﬁ"$84'9:$4;*.ﬃ 2'
$")"4;<=ﬀ 2 !4'9/.ﬃ0.4$5 2>ﬀ;?.ﬃ'$@ﬁ*.ﬃ12AB+;Cﬁ<Dﬁ412 !4'Eﬃﬂ3DﬁF.4$5AB)"4;<ﬁ"ﬁ 261!GH1!+
"I,/.ﬃ !4'FJ
KL'*%ﬁD/.ﬃ:MNOﬁ4=ﬀﬁ.ﬃ'$P.ﬃ'/.ﬃ12AQ0*Rﬀ.ﬃ !4$4;*.ﬃ 2'S$")"4;<=ﬀ 2 !4'Pﬁ")"4'$5 2 !4'+ﬁ
ﬃﬂ3649TRU+1V.ﬃ 2'>8WYXQ)0ZM[.ﬃ\^]-.ﬃ'$_'4'5`aTRU+1V.ﬃ 2'>bWYXQ)0Z-)"4;<1!+;c+'Zd`Y6/.4ﬁ"$/]#aAQ=ﬀJfe4g
ﬂh4;c+FijM[*$F.ﬃ1NM 2aM[ﬃ`Y1!+RU+1
;c+,$FikM 2l.ﬃ'P.ﬃ12>U+60.ﬃ !)<ﬂh4;D1V.ﬃ !4'Sﬃﬂ*)"U.ﬃﬁ0*/.4)"ﬀJ

 !g.ﬃﬁU.4)ﬁ8+'4mdTAQ0+RU+0.ﬃ1n 2'Zﬁ+ﬁ" 2'>cﬁ4=+ !"'4#.ﬃ12M
."A5g/.ﬃﬁ"$B6ZAO;c4ﬁo0.ﬃ'$.ﬃﬁ$_LMNﬃ`
1!+RU+1;c+Q$FJe4pB1V.ﬃﬁ+FiMNB 2'ZﬁQ$5)"@.8)+1V.4ﬁ<ﬃﬂﬁ")"4'$5 2 !4'+ﬁ*6/.4ﬁ"$l4'q.8")+12 V.ﬃ
$")"4;<=ﬀ 2 !4'8ﬃﬂHr)"4;<0.ﬃ !4'/.ﬃ1H$4;*.ﬃ 2'sJ
$4;*.ﬃ 2'9 !#$")"4;<=ﬀﬁ"$9 2'E)08.pM
."A@/.ﬃ
4'r6=$4;*.ﬃ 2'9 !#)"4''")+ﬁ"$@ﬁ*.ﬃ121s4+ﬁFiM !)08.ﬃﬁo 2'_ﬂY.4)+#$5 !ﬁ)"4''")+ﬁ"$E)"4;<4'+',ﬁFJ
t
)+1V.4ﬁrﬃﬂg.ﬃﬁ"u5 2;*.ﬃﬁ_XQ)ﬁZ:)"4;<1!+;c+'Z:ﬁ")"4'$5 2 !4'+ﬁ: !D.ﬃ1!ﬁ_)"4' !$+ﬁ"$nJO
"4ﬁ+ !)F.ﬃ1
.ﬃ'$
'Z;c+ !)F.ﬃ1jﬁ"12ﬁ.ﬃﬁ7>ﬀ 2RU+'@ﬂv4#.p;cQ$+1nﬁ461!+;@J
KL'w8ﬁ")"4'$w/.ﬃBMN8)"4' !$+B8.ﬃ12 !)F.ﬃ !4'xﬃﬂDEﬁ+RQ !4$4;*.ﬃ 2'y$")"4;<=ﬀ 2 !4'
ﬁ")"4'$5 2 !4'+ﬁ7ﬁc:)"4;<ﬁ"ﬁ 261!:GH1!+7"IZ/.ﬃ !4'TJg
D$5 !ﬁ)+ﬁ+ !z.ﬃ !4'EﬁQ)""$5ﬁﬀi6/.4ﬁ"$94'
;D12 !$5 2;c+'ﬁ !4'/.ﬃ1[,M 2'$ﬁ"ﬁ !$5/.ﬃ1N$5 ! 26 !4'Pﬁ)ﬁ+;c"Fik !412 2'"$nJO{|* 2'ZﬁQ$5)".Bﬂ}0.ﬃ;c&`
MN4~S/.ﬃ)"4;D6 2'"'4'5`Y12 2'F.ﬃ_A5ﬁ+;ﬁ412RU+ﬁFi
7AQ1!FR.4)")"+1!+0.ﬃﬁ4ﬁFi#$4;*.ﬃ 2'$")"4;<=ﬀ 2 !4'
ﬁ")"4'$5 2 !4'+ﬁFi.4MN+1213.4
;c"E.4$.ﬃ 2RQ 2aABﬁ,)""$5ﬁ"TJNXQ+RU+0.ﬃ1',;c+ !)F.ﬃ1ﬁ"ﬁgﬃﬂf.4+ﬁ4'/.ﬃ `
)F.ﬃ1f 2',ﬁ+ﬁ".ﬃﬁ<)F.ﬃ !"$4o 2'|4ﬁ$+Dﬁ9.4ﬁﬁ"ﬁ76=4c$5 !ﬁ)+ﬁ+ !z.ﬃ !4'ﬁ)ﬁ+;c":.ﬃ'$p;c"
.4$.ﬃ 2RQ 2aABﬁ,)""$5ﬁ"TJ
KL'*# 2ﬁ$*/.ﬃ[MN-)"4' !$+[g/.ﬃ0.ﬃ121!+1s.4=")+ﬁf 2'+ﬁ+'Z
 2'g',;c+ !)F.ﬃ1=0412 !4'ﬃﬂs
)"4;<ﬁ"ﬁ 261!*GH1!+r"IZ/.ﬃ !4'4'b/.ﬃ0.ﬃ121!+1)"4;<ﬁ+ﬁrM 2|$5 ! 26ﬁ"$|;c+;c4AUJ<t#121Hp;*.ﬃ 2'
~U+'+1!ﬃﬂng0412 !4'.ﬃ12>U4 2;.ﬃﬁ-.ﬃ'/.ﬃ12AQ0"$nJkb.ﬃ'ZAp',;c+ !)F.ﬃ1ﬁ"ﬁ[.ﬃﬁg)F.ﬃ !"$*4FiZM 2*
.ﬃ 2;ﬃﬂf 2',RU" 2>Z.ﬃ 2'>Br=+dﬂv4;*.ﬃ')":ﬃﬂfD$4;*.ﬃ 2'b$")"4;<=ﬀ 2 !4'Eﬁ")"4'$5 2 !4'+ﬁ7ﬁ4=ﬀﬁ"$
 2'_7%ﬁ#/.ﬃgﬃﬂko"ﬁ !Fi5 2'@D.ﬃ12 !)F.ﬃ !4'-.4$$5ﬁ"ﬁﬁ"$_ 2'@o0")"4'$_/.ﬃFJ
 2  
 
H 	l
		

 465m+$)"+ﬁr"ﬁ"#1V.<$&%' 2 !4'b$r")"4'$5 2 !4''+ﬁ7/.ﬃ0.ﬃ121+1!"-=+dﬂv4;*.ﬃ',ﬁ#6/.4"#
'.ﬃﬁQ)ﬁp$$")"4;<ﬀ 2 !4'b$D$4;*.ﬃ 2'"o.ﬃ 2' 3I,<1!+ﬁ7.ﬃ12 !)F.ﬃ !4'ﬀc1V.<"ﬁ412 !4'b$"
"I,/.ﬃ !4'#$ﬁ GH1!+#ﬁ0.ﬃ !4''/.ﬃ 2ﬁ")"4;<ﬁ"ﬁﬁ 261!"FJ
ﬂo.ﬃ'B1V. ﬁ+;< +ﬁ/.ﬃ !b$b1V. "ﬁﬀi#'4Bﬁ4=ﬀﬁ4'_+@.ﬃ'/.ﬃ12A5ﬁ4'_$5 ﬃ +ﬁ+',ﬁ_")"4'$5 `
 !4''+ﬁr$<$")"4;<=ﬀ 2 !4'$<$4;*.ﬃ 2'"D.FRU")<ﬁ")"4RQﬁ+;c+'ZOW};!+Q$"r$paAQ=*XQ)ﬁZM
.ﬃ\^]o+
'4'5`Yﬁ")"4RQﬁ+;c+'Z9W};!+Q$"6/.4""D1!*)"4;<1+;c+'Zc$BXQ)ﬁ,z]&J"k4:1!"ﬁ+;< !+ﬁFik'4
 212 !ﬁ4'r$"7;!+Q$"#$+5ub' 2RUF.ﬃ5u.FRU")<'ﬂv4;1V.ﬃ !4'P.ﬃ12>$+6 !I,<$p1% "/.4)"p>ﬀﬁﬀﬁ !+FJ
&
+ﬁ*.ﬃﬁQ)ﬁ<=ﬀﬁ"$:12 !+ﬁrﬁ4 +"r 2'Z+ﬁ"00.ﬃ'Zﬁ":IZ 3'<ﬁ4',r/.47ﬁ44m4ﬁo;< !ﬁ"r+'
+RQ !$+')"*/.ﬃp$"D;!+Q$"'9$+5u ' 2RUF.ﬃ5u 0.ﬃ'$.ﬃﬁ$FJ("j4p1!":ﬁ")"4'$Fi3'4 2'ZﬁQ$5 !ﬁ4'
'p)+1V.4ﬁﬁ:$:")"4'$5 2 !4''+ﬁr6/.4"o-'p$")"4;<ﬀﬁ 2 !4'/.ﬃ !)+12 +ﬁ<$5b$4;*.ﬃ 2'|$p)F.ﬃ1`
)+1YJ
)-4)"4' !$+ﬁ4'*+>Z.ﬃ1!+;c+'Z'7)+1V.4ﬁﬁ7$7")"4'$5 2 !4''+ﬁ.FRU")7'7;!+,$o$rXQ)ﬁ,
.ﬃﬁQ)ﬁ"ﬀJ+)-4g$4''4'$""120.ﬃﬁg"4 !I,"#+',;!+ !IZ"=4'@ﬁ461+;cr;cQ$+1!ﬀJ
ﬂo.ﬃ'p1V.8$+5uQ +;c/.ﬃ !_$1V.E"ﬁﬀiH'4c.ﬃ12 !I,4'<)""p")"4'$5 2 !4''+ﬁ*$B$")"4;p`
=ﬀ 2 !4'$c$4;*.ﬃ 2'":.ﬃ5u,"I,/.ﬃ !4'D$ﬁ GH1!+:)"4;<ﬁ"ﬁ 261!"FJ-)4D$")+ 2RU4'D1V.ﬁQ)."$5ﬁ*$
$5 !ﬁ)++ !0.ﬃ !4'p6/.4"
3$"3ﬁ)ﬁ+;*.4H$5 !ﬁ 26 ﬂvH$NaAQ0/214357698:6;/=<?>@A69B:>DC:3E1GFIH
6;>D8UJ )-4k 2'Zﬁﬃ`
$5 !ﬁ4'N'*)F.4$5ﬁ#I, )"4;6 2'$"Nﬁ)ﬁ+;*.4N'4'5`Y12 2'F.ﬃ 2ﬁ"Fi5$"0412RU+ﬁ 2+0.ﬃ ﬂhN$gaAQ7A,1!TRi
$"")"4'$5 2 !4''+ﬁ7$o$")"4;<=ﬀ 2 !4'E$r$4;*.ﬃ 2'"-.ﬃ 2' sI,r$";*.ﬃ 2121V.ﬃ>U".4$.ﬃ0.ﬃ ﬂhFJ
ﬂo.ﬃ'g1V.:ﬁ4 !ﬁ +;cr/.ﬃ !r$o1V.<"ﬁﬀi5'4#)"4' !$+ﬁ4'#1!".4=")+ﬁ/.ﬃ0.ﬃ121+1!"$"g")"4'$5 `
 !4''+ﬁjﬁ4ﬀ"j$.ﬃ's1V.gﬁ+;< +ﬁf/.ﬃ !$1V.
"ﬁﬀJKﬂ7"s"120.ﬃﬁ'Z;!+ !I,"k04'Zs"ﬁ+',"
=4g$"#)F.4ﬁ" !0g$71% .:+ﬁ4'/.ﬃ !I,ﬀJ
 2R  
    


 
9

Kj.ﬃ; RU+A:;D)0* 2'$+6ﬁ"$<ﬁ"fﬁﬃﬂdJﬀt1%/
	/.ﬃﬁ+ﬁ4' YiZM7ﬁTR, !$"$c;c44' 2LApﬁo)F.ﬃA
4- !#" !7.ﬃ-G"eKS.ﬃ'$8$5 2ﬁ")+ﬁ"$8 !#M[4~J-K[;D-/.ﬃ'~@ 2;ﬂv4 !)F.ﬃﬁ&ﬂv1kﬁ+d`
RQ ! !4'si/ !7)"4', 2'Z4D.ﬃ'$8Rﬀ.ﬃ12/.ﬃ61!=4- 2'8+RU+A9)+ 2ﬁ)+;cﬁ0.ﬃ')"ﬀi= !7.4$5RQ !)"p.ﬃ'$E',;c+ﬁ4
>ﬀ>U" !4'TJ
t =")+ V.ﬃ1/.ﬃ'~_ !$5rﬁ!"HﬁﬃﬂJ s)F.*e4;*.ﬃ>ﬀ>ﬀ V.5iM*/.4.ﬃ12M[.FAQ-6="+'@ﬁ"ﬁ+',7.ﬃ'$9ﬁF.4$5A
ﬁc>ﬀ 2RU;cDﬁ>ﬀ>U" !4'o.ﬃ'$@ 2'$5 !)F.ﬃ !4'Fin.ﬃ'$b.ﬃ1!ﬁ<ﬂh4#D/.ﬃ !+')"FM["$8 2'E&u51V.ﬃ 2' 2'>Oﬁ
;coo6 212 2 !"ﬃﬂW}/.ﬃ0.ﬃ121!+1 ]ﬁ4>ﬀ0.ﬃ;<;< 2'>J
K[MN41!$E12 2~Uoﬁ*/.ﬃ'~ﬂFJ "J+'+1!4= +A,1V.ﬃ'$niM<ﬂv' !"$@/.ﬃﬃﬂf7%'/.ﬃ')+ V.ﬃ1kﬁ4Fi
ﬂh4f+12Oﬁ
>Z."RUg;c-.ﬃf6=+>ﬀ 2'' 2'>ﬃﬂn;DA'"Hﬂ "ﬁ !Fi,.ﬃ'$cﬂv4H~Q 2'$512Ac.ﬃ121!FM 2'>:;cﬁoﬁ
D.4$.ﬃ 2RQ 2aAB;cQ$51!"#7/.4g$+RU+1!4="$_ 2'@oﬂ}0.ﬃ;c+M[4~DGHﬁ4F.ﬃ'EK ﬂ7"8t7XOﬁﬃm")+FJ
"HﬁﬃﬂJt126=+ﬁ.ﬃ1212 f !r/.ﬃ !)+1V.ﬃ12A.4)0~,'TM1!"$5>U"$ ﬂv4r;*.ﬃ',Ab+125ﬂ}1[$5 !ﬁ)+ﬁ !4'Fij"=")+ V.ﬃ1212A
.ﬃ6=4o'4'FRU+1V.ﬃ 2'>E$4;*.ﬃ 2'|$")"4;<=ﬀ 2 !4'|;c+Q$FJ ﬂ-FJDt'$5ﬁF.Bﬀﬁ+1212 f !r.4)0~,'TM1!"$5>U"$
ﬂh4 !ﬁ")+ !4#>ﬀ>U"ﬁ !4'.ﬃ6=4#FRU+1V.ﬃ 2'>$4;*.ﬃ 2'E$")"4;<=ﬀ 2 !4'@;c+Q$FJ
KMN41!$12 2~UcﬁB/.ﬃ'~,"fﬁﬃﬂdJ-+;*.ﬃ' ﬂ7")"4' 2')ﬁ~W}pﬁ"=4' 261!cﬃﬂ[cK ﬂ-"8toXEﬁﬃmd")+Fi
'$+DM !)0 /.ﬃ:ﬃﬂ<MN4~ﬃﬂ !D" !rM
.4)"4'$5)+ﬁ"$/]&if.ﬃ'$ "fﬁﬃﬂdJj9 !)0+1 ﬂ7+R, 2121!ﬀikM
.ﬃ>ﬀﬁ""$_ﬁ<6=7;c+;D6=+ﬁ#ﬃﬂ3
mdAUJ
KMN41!$E.ﬃ1!0p12 2~U7ﬁp/.ﬃ'~B.ﬃ121n;AB)"4121!F.ﬃ>ﬀ"-.ﬃ'$ﬂ} !+'$.ﬃoG"fe fiMc)"4', 26ﬁ"$@ﬁ
;*.ﬃ~Q 2'>c !=+ !,$@.pRU+A1!F.40.ﬃ',4'ﬀJ
.4ﬁ:6:'4p1!F.4FiHK7MN41!$l12 2~UOﬁ8/.ﬃ'~|;DA/.ﬃﬁ+'ZﬁFi
&
.ﬃ1!b.ﬃ'$PGH' !)F.5i[.ﬃ'$;A !ﬁ+
GH1!+'/.5iMc/."RU.ﬃ12M
."A5#+')"40.ﬃ>U"$9;cﬀJ
"3.ﬃ9ﬃﬂbM[4~ﬃﬂ: !_" !BM
.4@)"4'$5)+ﬁ"$y 2'y)"4ﬁﬁﬃﬂ:GHﬁ4F.ﬃ' ﬁﬃmd")+
K ﬂ-"8toXlWv)"4'Z0.4)+:'Z;D6=+0"`
&
T`ﬁﬀT]&JB
ﬃﬂ-e3GNXWﬂ#(*)"*e "$+0.ﬃ1!*$c1% Gf$5)F.ﬃ !4'
+g$o1V.cXQ)+ !+')"T]#.ﬃ'$_rG"fe P.ﬃﬁD.4)ﬁ~Q'FM1!"$5>U"$9ﬂv4o%'/.ﬃ')+ V.ﬃ1=4FJ
RQ  
  9

9[
 
		 
ﬀ J ﬀ E4 2Rﬀ.ﬃ !4'@JrJoJrJoJrJDJoJrJoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ
ﬀ J 
" ! ﬂ12 2' JoJrJDJoJrJoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
ﬀ J )40.ﬃ !4'JrJrJoJrJoJrJDJoJrJoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
 ﬀﬁﬂﬃ ﬀ"!#
	%$&	' (ﬀ)	*ﬂ+	,	-$/.0ﬂ(ﬀ213465+7ﬀ987 :
5J ﬀ ;7+'+0.ﬃ12 2 !"4'@KLﬁ+0.ﬃ 2RUD8+Q$8JoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
5J ﬀ J ﬀ "Hﬁﬃmd")+ !4'EE+Q$ JoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
5J ﬂ-&%' 2 !4'8ﬃﬂk#"Hﬁ")"4'$5 2 !4'+ JrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ
5J5J ﬀ Ka')"4;<1!+ﬁ (< "fﬁ")"4'$5 2 !4'+ﬁ JrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ>=
5J5J "Hﬁ")"4'$5 2 !4'+ﬁKL'$5)""$_6,ABKLﬁ+0.ﬃ 2RU "HﬁQ)""$5ﬁ" JrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
5J "k.ﬃ0.ﬃ121!+1 "Hﬁ")"4'$5 2 !4'+ﬁ JoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ?
5J5J ﬀ "j412AQ'4;< V.ﬃ1J"Hﬁ")"4'$5 2 !4'+ﬁ JDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ?
5J5J X,/.ﬃﬁﬁrtﬁ"u5 2;*.ﬃﬁrKa',RU+ﬁﬁ "Hﬁ")"4'$5 2 !4'+ﬁ<WYXE"tK] JrJoJrJDJoJrJoJrJoJ ﬀ?
5J5J 912 2>ﬀ !$@8+Q$xJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
5J =
&
4')+12$5 2'> +;*.ﬃ~Q JoJrJoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ@
A BC (ﬀ2	-
ﬀﬁﬁ1D*FEG
	-HIﬀ2ﬀJ7K	-$MLNLOEG
ﬀJﬁ	(PQ	ﬀJ
7 6
5J ﬀ EQ$+1 "Hﬁ461!+; JoJrJDJoJrJoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬁﬀ
5J "k.ﬃ-KSR/XQ)0ZM[.ﬃ\2"Hﬁ")"4'$5 2 !4'+ﬁSJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
5J5J ﬀ ﬂ'&`Y1!+RU+13XQ)ﬁ,M[.ﬃ\2"Hﬁ")"4'$5 2 !4'+ﬁ JrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
5J5J N1!Q)ﬁ~,`&TZ.4)"46 K"Hﬁ")"4'$5 2 !4'+ﬁ JoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
=
5J5J sMNﬃ`Y1!+RU+1fXQ)ﬁ,M[.ﬃ\2"Hﬁ")"4'$5 2 !4'+ﬁ JrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ  
5J5J = t#12>U+60.ﬃ !)rKL'Zﬁ+ﬁ+0.ﬃ !4' JrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
=
5J5J 
&
4'ZRU+>U+')":t#'/.ﬃ12A5 !ﬃﬂHt#60.4)+7XQ)ﬁZM
.ﬃ\:8+Q$ JrJoJrJDJoJrJoJrJoJ ?
5J5J? X,")+0.ﬃ1 "fﬁ4+ !"ﬃﬂfXQt "Hﬁ")"4'$5 2 !4'+ﬁ JoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ = ﬀ
5J5J  )#;c+ !)F.ﬃ1 "12ﬁ JrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
5J5J@
&
4')+12$5 2'>ﬃ#+;*.ﬃ~5#.ﬃ6=4XQ)ﬁ,M[.ﬃ\2"Hﬁ")"4'$5 2 !4'+ﬁ JrJoJrJDJoJrJoJrJoJ ?
5J "k.ﬃ-KﬁKSRXQ)0Z
&
4;<1!+;c+', .4ﬁ"$ "fﬁ")"4'$5 2 !4'+ﬁ JDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
5J5J ﬀ ;7+'+0.ﬃ1 #"ﬁ12ﬁ#.ﬃ64XQ)0Z
&
4;<1!+;c+'Zﬁ JDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
5J5J GH1!+;c+'Zd`a4 !+',ﬁ"$b.ﬃ'$ f+ﬁ&u,`a4 !+',ﬁ"$(ﬂ7")"4;<=ﬀ 2 !4' JrJoJrJDJoJrJoJrJoJ ?ﬁﬀ
5J5J XQ412 !4'9ﬃﬂk:XQ)ﬁZ
&
4;<1!+;c+'ZrX,AQﬁﬁ+; JoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ?
=
RQ 2 
RQ 2 2   
	  
5J5J = ;7+'+0.ﬃ12 !ﬁ"$ﬂ ﬂ7")"4;<=ﬀ 2 !4' JoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ  
5J5J  t#ﬁFuQ 2;*.ﬃﬁpX
&
E+Q$wJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ  
5J5J? )#;c+ !)F.ﬃ1 "12ﬁ JrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ  =
5J5J 
&
4')+12$5 2'>ﬃ#+;*.ﬃ~5#.ﬃ6=4XQ)ﬁ,
&
4;<1!+;c+'Zﬀ"Hﬁ")"4'$5 2 !4'+ﬁJoJrJoJ  ?
  HHP*ﬂﬁ1 	,	) (ﬀ 	8)H
ﬀJ77 P*ﬀ *ﬀJ+1 	7 
=J ﬀ ej12)+/.ﬃ !4'X,12 2 2'>Oe4;*.ﬃ12 !ﬁ; JrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
=J ﬀ J ﬀ "Hﬁ4+ !"ﬃﬂ ﬂ- ! 26 !4'bXQ)ﬁ+;c" JrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ @
=J ﬀ J G3uQﬁ+'ﬁ !4'@ﬁ')4'5`Y12 2'F.ﬃoX,AQﬁﬁ+;c JoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ @
=J #AQ+6=412 !)X,A5ﬁ+;c#JDJoJrJoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬁﬀ
=J 

&
4;<ﬁ"ﬁ 261!GH1!+#GfI,/.ﬃ !4'JDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
=
=J5J ﬀ #AQ+6=412 !)ﬃGH1212 2 !)X,12 2 2'>O 2'>="Hﬁ")"4'$5 2 !4' 2'> JoJrJoJrJDJoJrJoJrJoJ ?
=J = ;7+'+0.ﬃ12 2 !"4')-4'5`Y12 2'F.ﬃ7XQ412RU+ﬁoJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ 
=J =J ﬀ 

Ψ
) e0.ﬃ;c+M[4~ JoJrJrJoJrJoJDJoJrJrJoJrJoJrJoJDJrJoJrJoJrJrJoJDJoJrJoJ ﬀ ﬁﬀ
=J =J 

Ψ
)DXe0.ﬃ;c+MN4~JrJrJoJrJoJDJoJrJrJoJrJoJrJoJDJrJoJrJoJrJrJoJDJoJrJoJ ﬀ ?
=J  

αΨ
)-DXBe0.ﬃ;c+M[4~ JoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJoJDJrJoJrJoJrJrJoJDJoJrJoJ ﬀ ?
=J 5J ﬀ ;7+'+0.ﬃ12 2 !"#4'98"@t$.ﬃ0.ﬃ !4' JoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
=J? .ﬃ12 !$.ﬃ !4'Eﬃﬂ3rGH1!+
&
Q$ JrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀﬀ 
=J 
&
4')+12$5 2'> +;*.ﬃ~Q JoJrJoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
 E/13 1D*ﬂ*ﬀ2*ﬀ 7HIﬀ27  A
5J ﬀ 
.4ﬁ !)rtﬁ")+ﬁﬃﬂ
"k.ﬃ0.ﬃ121!+1
&
4;< 2'> JoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀﬁﬀ
5J ﬀ J ﬀ j.^u4'4;< !"ﬂh4 "k.ﬃ0.ﬃ121!+1
&
4;<ﬁ+ﬁ_JrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ
5J ﬀ J
&
ﬀgﬃﬂ
&
4;<;' !)F.ﬃ !4'8t;c4'>="HﬁQ)""ﬁﬁ4ﬁJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ
=
5J ﬀ J "Hﬁ4>ﬀ0.ﬃ;<;< 2'>O4'98K (ﬂ
&
4;<ﬁ+ﬁ JrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ
5J X,6$4;*.ﬃ 2' "k.ﬃ 2 !4' 2'> JoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ
5J5J ﬀ 
 #")+ﬁ 2RU
&
Q4ﬁ$5 2'/.ﬃﬁ
[ !ﬁ")+ !4' JrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ>= 
5J5J 
 #")+ﬁ 2RU ;70.ﬃ [ !ﬁ")+ !4' JrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ>= 
5J5J 
 #")+ﬁ 2RUDX,=")+0.ﬃ1 [ !ﬁ")+ !4' JoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ>= ﬀ
5J5J = 912 21!+RU+1;70.ﬃ"k.ﬃ 2 !4' 2'> JoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ>=J
5J t#'/.ﬃ12A5 !gﬃﬂ3rb.ﬃ 2' ﬂ+0.ﬃ !4'ﬃﬂk
αΨ
)-DX@XQ412RU+JDJrJoJrJoJrJrJoJDJoJrJoJ ﬀ>= 
5J5J ﬀ ﬂ !ﬁ 26ﬁ"$EX,/.ﬃﬁﬁrb.ﬃ u,`f")+ﬁ40"Hﬁ,$5)+|JoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ>= 
5J5J 
 ﬂ X
&
b.ﬃ u,`YRU")+ﬁ4 "fﬁ,$5)+lJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ>= 
5J5J
&
4')+ !4'Eﬃﬂ3sQ)F.ﬃ18.ﬃ u JoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
5J5J = ﬂ !ﬁ 26ﬁ"$@tﬂﬁﬀ"ﬃ ﬂ+0.ﬃ !4'JoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
5J5J  ﬂ !ﬁ 26ﬁ"$f")+ﬁ4d`f")+ﬁ4 "fﬁ,$5)+ JrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
5J5J? t#12 !)F.ﬃ !4'9ﬃﬂ3XQ)0ZM[.ﬃ\2"Hﬁ")"4'$5 2 !4'+JoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
5J5J  
rt7X
&
"fﬁ")"4'$5 2 !4'+JrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ ?
5J5J@ "k.ﬃ0.ﬃ121!+1kE"@t$.ﬃ0.ﬃ !4' JoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
5J = )#;c+ !)F.ﬃ1 #"12ﬁ JDJoJrJoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ 
5J 
&
4')+12$5 2'> +;*.ﬃ~Q JoJrJoJrJoJrJrJoJDJoJrJoJrJrJoJrJoJDJoJrJrJoJrJoJrJDJoJrJoJrJoJ ﬀ  ﬀ
     
	  u
  	(J*ﬂ7	7  A
u   
	  
 EC < >DB!@ C 576;@.C.5769B:>6 >	 B
?/2143 C <
14> 3 <A@A@ G<<?3K5 <?6
>14/=<
?6C:3/!C:> 6 5718 <
B
 82<?3 6;> 6 3 3 69C:/ﬁﬀﬂEB:/ @.B:>ﬃ
1
 
9g



 	


KL' !g" !
MNo)"4' !$+/.ﬃ0.ﬃ121!+1k.ﬃ12>U4 2;cﬂh4[o0412 !4'@ﬃﬂj7ﬁ"o$5 2;c+' !4'/.ﬃ1ﬁﬁF.4$5A
)"4;<ﬁ"ﬁ 261!GH1!+p"IZ/.ﬃ !4'BW
&
GfGN]&ikM !)0P$"ﬁ)+ 26=O*)"4'ﬁ+Rﬀ.ﬃ !4'Pﬃﬂ;*.4ﬁTij;c4;c+',;@i
.ﬃ'$@+'+>ﬀA_ﬃﬂ3 2'ZRQ !ﬁ)+ !$/FMgFJ

ORU412;cBﬃﬂg12 2ﬁ+0.ﬃﬁ_ﬃﬂg*1V.4p$")F.4$B.ﬃ64:
&
GfG .ﬃ'$ni3;c4ﬁO>U+'+0.ﬃ1212AUiN.ﬃ64
&
4;<0.ﬃ !4'/.ﬃ1#ek12 !$ ﬂ-A,'/.ﬃ;< !)"9W
&
e ﬂr]&ik !: 2;<ﬁ"ﬁ 2RUﬀJKL;<=40.ﬃ'Z< 2;<ﬁFRU+;c+',ﬁc/.FRUB6"+'
.4)ﬁ !+RU"$ni3$5pﬁ_*$+RU+1!4;c+'Zpﬃﬂ[6=4|)"4;<ﬁ+D/.ﬃﬁ$5M
.ﬃﬁO.ﬃ'$',;c+ !)F.ﬃ1Nﬁ)0+;c"FJ*

%ﬁ1!F.4$ﬁ9TMN+dﬂv1+ﬁ)"4;<ﬁ+ﬁ:/.ﬃp+;<1!FA|/.ﬃ0.ﬃ121!+1.ﬃﬁ)ﬁ 2ﬁ")+ﬁ"TiHM 21!*ﬁ")"4'$
1!F.4$Oﬁ&(*)+ !+'Z_.ﬃ'$qﬁ46ﬁ*'Z;c+ !)F.ﬃ17;c+Q$Fi
/.ﬃ*;6_M[+121`a 2ﬁ"$wﬂv4*@/.ﬃ0.ﬃ121!+1
$" 2>ﬀ'9ﬃﬂ3o=+ﬁ)"4;<ﬁ+ﬁFJ
jO460.ﬃ 2'|.<',;c+ !)F.ﬃ1fﬁ412 !4'bﬃﬂf
&
GfG#i:"I,/.ﬃ !4'/.FRU:ﬁc6=$5 !ﬁ)+ﬁ+ 2\F"$E6=4E 2'
/.4)"c.ﬃ'$8 2;cﬀJ:e4r/.4)"<$5 !ﬁ)+ﬁ+ !0.ﬃ !4'sis+ﬁc.ﬃﬁ:ﬂv47;*.ﬃ 2'|)+1V.4ﬁﬁ"oﬃﬂ['Z;c+ !)F.ﬃ1f;c+Q$R
%' 2ﬁ9$5 ﬃn+ﬁ+')"Wve ﬂr]:;c+Q$Fi[6/.4ﬁ"$q4'q@$5 2ﬁ")+$5 !ﬁ)+ﬁ+ !0.ﬃ !4'ﬃﬂ-@$+ 2Rﬀ.ﬃ 2RU"FiN%' 2ﬁ
+1!+;c+'Z*Wve3GN]#;c+Q$Fi=6/.4ﬁ"$b4'8M[F.ﬃ~@ﬂh4;D1V.ﬃ !4'ﬃﬂN:"I,/.ﬃ !4'Fi%' 2ﬁ:RU412;c_Wve o]
;c+Q$FiQ6/.4ﬁ"$_4'O ;r.ﬃﬁ["4ﬁ+;C4'BF.4)0@)"+121fWv4[RU412;cT]&i.ﬃ'$_ﬁ")+0.ﬃ1;c+,$Ti5M !)ﬁ
ﬁ7 2>ﬀ5`a4ﬁ$+412AQ'4;< V.ﬃ1j.ﬃﬁ"u5 2;*.ﬃ !4'FJ

.ﬃ;c4'ZEﬃﬂD12 2ﬁ+0.ﬃﬁ|.ﬃ64B
&
GfG  ! 2;<ﬁ"ﬁﬁ 2RUﬀJ ;7+'+0.ﬃ1212AUiﬂv4+ 2_ﬁ412 !4'si
e ;c+Q$O.ﬃﬁB0"$gﬁ"ﬂh4< 2'0.ﬃ')" s+R ﬁﬀ-.ﬃ'$SBﬁ&ﬂh+ﬁ+')""c+ﬁ+ 2'sJwE4ﬁBﬁ")"+',12AUi
ﬁ4;cc.ﬃﬁU.4)0"D6/.4ﬁ"$4'|e3G ﬁ,)""$5ﬁ"D/."RU<6="+'ﬁ4ﬀ0"$nJ<t#;c4'>_+;@i 2' !o" !
MNDM 2121j)"4' !$+ /214357678 6;/=<?>@?67B >DC:3ﬁ1 FDH
6;>I8 
<A@?678:1C:3 8:6 @ 5 
A6ﬃﬂ?1 5767B >8Wv <0ﬂo][0)ﬁ+;c"Fi.ﬃ1!ﬁc)F.ﬃ121!"$

1 .571C 5769B:>-@%FD3 6 59576 > [ﬁ)0+;c"FiﬀM !)ﬁ</.FRU[6"+'<$5 !"$p$5 2'>o[1V.4 #AUF.ﬃﬁTJk
"0[0)ﬁ+;c"
ﬀ
    
         	
MN+ﬁE 2'ZﬁQ$5)""$w6ZA "jJ ` J ,9.ﬃO@6=+>ﬀ 2'' 2'> ﬃﬂo ﬀ @  B.ﬃ'$q/.FRU@6="+'w60"IZ+',12A
$+RU+1!4="$_;*.ﬃ 2'12AB6ZAJﬂ7")"4' 2')0~_.ﬃ'$9)"ﬃ`YMN4~U+ﬁFJ

cﬁ0.ﬃ 2'>@4 2',o !D.ﬁ+ 2'Zﬁ+ﬁ+0.ﬃ !4'Sﬃﬂ ﬀ.ﬂ e ﬁ)ﬁ+;c"D 2'>_c)"4')"+Dﬃﬂ)+/.^`
 !4'sJ
&
4' !$+ 2'>9:)"4', 2'Z4D !")"+M !ﬁ&`Y12 2'F.ﬃD$.ﬃ0.Oﬁ+ﬁ"ﬁ+'Z0.ﬃ !4' )+1V.4ﬁ !)F.ﬃ1212A90"$E 2'e3G
;c+Q$f0.ﬃ+/.ﬃ'Og$5 !ﬁ)"4', 2'Z4
)"+121`YM !ﬁ#)"4'ﬁ0.ﬃ'Zﬁ")"4'ﬁ)+ !4'Oﬁ"$c 2'*e ;c+Q$Fi
 5uq$5 ﬃn+ﬁ+')"
(Fi+1 − Fi) 6+LMN"+'LMN ',$" i + 1 .ﬃ'$ i  !*ﬁ+ 2'Zﬁ+ﬁ+ﬁ"$ .4< 5u
6/.ﬃ1V.ﬃ')"9Wv4 )+/.ﬃ !4'P4oﬁ" !$5/.ﬃ1 ]-FRU+rc 2'Zﬁ+Rﬀ.ﬃ1Wv4r+1!+;c+'Zz]
[i, i + 1]
isM !)0|/.47ﬁ_6=
$5 ! 26ﬁ"$8ﬁOrRU+ !)""oﬃﬂf:+1!+;c+'ZFJ7
 !# 2',ﬁ+ﬁ+0.ﬃ !4')F.ﬃ'86)F.ﬃ !"$ETRU+-ﬁﬁ+RU+0.ﬃ1
$5 2;c+' !4'FiﬁFRQ !$"$ )+/.ﬃ !4' !7'TM  5ub6/.ﬃ1V.ﬃ')"cFRU+.Bﬁ 2;<1!&uSW} V.ﬃ'>ﬀ1!< 2'):ﬂ
.ﬃ'$_ﬁ+0.ﬃ"$5ﬁ4'8 2' :ﬂr][ﬁ<M !)09 !#.4ﬁ0,)+ V.ﬃﬁ"$9.c)"4'Z 2'Z4- !")"+M !ﬁ&`Y12 2'F.ﬃ7$.ﬃ0.pﬁ+ﬁ"ﬁ+',0.^`
 !4'sJ[
r;D12 !$5 2;c+'ﬁ !4'/.ﬃ1k'/.ﬃﬁﬃﬂHoﬁ461!+;)F.ﬃ'E6o0.ﬃ~U+'E 2'Zﬁ.4)")"4'Z-6ZA_$5 ! 26 2'>
oﬁ" !$5/.ﬃ1ﬁpoRU+ !)""#ﬃﬂ3r 2;<1!&uB0.ﬃ+g/.ﬃ'@ﬁ<7LMN*'+ 2>ﬀZ6=4ﬁﬃﬂf.ﬃ'@"$5>UﬀJ
 <0ﬂ 0)ﬁ+;c"D.ﬃﬁp'4r)"4')+ﬁ"$|6ZAb)"4')"+'Z0.ﬃ 2'>E4'.ﬃ',AE/.ﬃ !)+1V.ﬃ$5 2ﬁ")+ !4'ﬃﬂN
>ﬀ !$nJ3t#'p.4$5R4.ﬃ',0.ﬃ>U
 !k/.ﬃFiU.ﬃj1!F.4jﬂh4kﬁ)F.ﬃ1V.ﬃH"I,/.ﬃ !4'Fiﬀ4'[)F.ﬃ'p)"4'ﬁ)+H.gﬂv1212ADﬁ")"4'$Q`a4ﬁ$+
.4)")+0.ﬃﬁD0)ﬁ+;c:4'@ V.ﬃ'>ﬀ1V.ﬃ>ﬀ !$#M 28.pRU+A_)"4;</.4)+7ﬁ+')+ 21Yi/ﬁ 2')"r4'12ABr'Q$"g 2'@
 V.ﬃ'>ﬀ1!D.ﬃﬁo0"$_ 2'_r+Rﬀ.ﬃ12/.ﬃ !4'9ﬃﬂk )+/.ﬃ !4'sJ
ﬂ'cﬃﬂ<;cﬀﬁ.ﬃF.ﬃ12 2'>b.4=")+Dﬃﬂ
 <  ﬂ ﬁ)ﬁ+;c"D !r/.ﬃr+A)F.ﬃ'|6=cF.4 212A.ﬃ12 !"$
ﬁ_')+ﬁ"$>ﬀ !$FJ )TM[.4$."A5Fik')+ﬁ"$>ﬀ !$.ﬃﬁ*.ﬃ'"0ﬁ+'Z V.ﬃ1[)"4;<4'+',Dﬂh4D._)&`
)""ﬁdﬂv1[ﬁOﬃﬂ-'Z;c+ !)F.ﬃ1;c+Q$p 2'  2'$5ﬁ V.ﬃ1#.ﬃ12 !)F.ﬃ !4'FJ|KL' ﬂY.4)+Fi3"ﬁ_.ﬃ12 !)F.ﬃ !4'*.ﬃﬁ
ﬃﬂvﬁ+'$&%'"$ 4' )"4;<1!&u/.ﬃ*$4;*.ﬃ 2'FJOe/4)0 $4;*.ﬃ 2'Fijc>ﬀ !$>U+'+0.ﬃ !4'PﬁQ)""ﬁr !
$5 (*)+12N.ﬃ'$<)F.ﬃ'c6=[RU+A 2;c&`a)"4'ﬁ;< 2'>iZ'1!"ﬁ)"4;<1!+ﬁ+12A:'ﬁ)+ﬁ"$<>ﬀ !$.ﬃﬁ
ﬁ"$nJ3
 !
 !.ﬃ0.4)+ 2RU7.43ﬂv1212A<.ﬃﬁ4;*.ﬃ !)#')+ﬁ"$cﬁ+0.ﬃ"$50.ﬃ1>ﬀ !$<>U+'+0.ﬃﬁ4ﬁN/."RU#6"+'*$+RU+1!4="$nJ

"ﬁo>U+'+0.ﬃﬁ4ﬁ-)F.ﬃ'96=r$5 2ﬁ")+12A_)"41!"$Eﬁ
&
t0ﬂ ﬁAQﬁ+;c.ﬃ'$_ 2')"440.ﬃﬁ"$EM 2 2'8.<' !IZ
ﬁﬃﬂvaM
.ﬃﬁ<ﬁ,413M !)0)F.ﬃ'
8.ﬃo1!F.47 2' 2')+ 21!
@ﬁFRQ !$*.Bﬁ412 !4'|ﬃﬂ[pﬁ461!+;@isM 24
 2'Zﬁ+RU+'Z !4'|ﬃﬂfﬁ+Fi4')"D$4;*.ﬃ 2'|.ﬃ'$9D64'$.ﬃA9)"4'$5 2 !4'7/.FRUD6="+'Eﬁ")+ `
%/"$nJHe+;c4ﬁﬀi/')+ﬁ"$B>ﬀ !$
)F.ﬃ'BF.4ﬁ 212A*/.ﬃ'$51!o.4$.ﬃ0.ﬃ !4'@)+AQ)+1!"TJ0;- !$_.4$.ﬃ 2R, 2LAO !
/.ﬃ !)+1V.ﬃ12A8.ﬃ0.4)+ 2RUp 2'
&
e ﬂpi.4- 27 ﬃ=+ﬁ:ﬀﬁﬁ 26 212 2aA9ﬃﬂfﬁ"ﬁ412RQ 2'>B1!,)F.ﬃ12 !0"$ /TM ﬂhF.ﬃﬁ"
 2'_o;cﬀ&(*)+ !+'Z-.ﬃ'$_)"ﬀﬁd`a?ﬃ=")+ 2RUD;*.ﬃ''+FJ
X,/.4)"$5 !ﬁ)+ﬁ+ !z.ﬃ !4'c !m ﬁk4'g.4=")+Hﬃﬂ
',;c+ !)F.ﬃ1/ﬁ412 !4'cﬃﬂ
&
GGgJﬀ
+ 2f$5 !ﬁ)+ﬁ+ `
0.ﬃ !4'P1!F.4$Dﬁb._1V.ﬃ>UA5ﬁ+; ﬃﬂg'4'5`Y12 2'F.ﬃp"I,/.ﬃ !4'FiHﬁ412RU"$ 6ZA 2ﬁ+0.ﬃ 2RUﬁ,)""$5ﬁ"TiH)ﬁ
.4-2)+Mﬁ4'b;c+Q$847 2ﬁ-Rﬀ.ﬃ V.ﬃ'ZﬁFJ -FM[+RU+Fi.ﬃ'b&u.4)+)-+Mﬁ4'8;c+Q$8 !-0.ﬃﬁ+12AE4 2;*.ﬃ1
 2'Sﬁ+;ccﬃﬂ7;c+;c4Al.ﬃ'$
&
"0<ﬁ"04ﬁ)""pﬂv4<1V.ﬃ>U_0)F.ﬃ1!Bﬁ461!+;cFJSE4ﬁ"TRU+Fi[ 2'S>U+'+0.ﬃ1Yi[.
)-+Mﬁ4'P;c+Q$PM 2121
'4pﬁ5(*)"ﬀif 2')"O 2' 2 V.ﬃ1g" 2;*.ﬃﬁ"<5(*)+ !+'Z12A 'F.ﬃpﬁEBﬁ412 !4'q.ﬃﬁ
'4c."Rﬀ.ﬃ 21V.ﬃ61!ﬀJ
+ﬁ&ﬂv4ﬁﬀifOﬁ)0+;cB !D;*.4$;c4ﬁﬁ46pﬁ4>ﬀq.9)"4', 2'Z/.ﬃ !4'0)ﬁ+;cR
.*ﬁ+$ﬃ`Y 2;cp$+ 2R4.ﬃ 2RU:ﬁ+;? !-.4$$"$8ﬁOp4 2>ﬀ 2'/.ﬃ1k'4'5`Y12 2'F.ﬃoA5ﬁ+;@iMﬀﬁ:ﬁ,4- !'FM
ﬂh4'$9.4#.pﬁF.4$5A,`a0.ﬃﬁrﬁ412 !4'Eﬃﬂk7 2;c&`a$+=+'$+'Z-ﬁ461!+;@J

p)"4'Z 2',/.ﬃ !4'|ﬁQ)""$5ﬁpﬁ"IZ 2ﬁ"Fin.ﬃoF.4)ﬁqW}ﬁ+$Z]L 2;cp1!+RU+1Yi=pﬁ412 !4'ﬃﬂ[.*12 2'F.ﬃ
A5ﬁ+;CMﬀﬁ;*.ﬃ u@ ! TZ.4)"46 V.ﬃ'qWv4-.*)"4'ZRU+' !+',D.ﬃﬁ"u5 2;*.ﬃ !4'bﬃﬂf 2z]&J < 2'>.c <0ﬂ
ﬁ)0+;c:ﬂv47</.4)"p$5 !ﬁ)+ﬁ+ !0.ﬃ !4'si !7;*.ﬃ u8'o4oﬁ6=p/.ﬃﬁﬁﬀi='4'5`aAQ;<;c+ !)ﬀij.ﬃ'$
/.ﬃ !)+1V.ﬃ12A_ 2121`a)"4'$5 2 !4'"$ni/"ﬁ")+ V.ﬃ1212ABM+'@
&
e ',;D6=+# !a1V.ﬃ>UﬀJ 
   

       
e4o*ﬁ412 !4'|ﬃﬂNp12 2'F.ﬃDﬁAQﬁ+;@in4'<)F.ﬃ'ﬁp+ 2+D$5 2ﬁ")+r4o 2ﬁ+0.ﬃ 2RUcﬁ412RU+ﬁFJp

ﬂh4;c+7.ﬃﬁD/.ﬃ1212A9.<6=+ﬁ+-)04 !)"rﬂh4ﬁ;*.ﬃ121`a 2\FDﬁ461!+;cTiﬁ 2')"r+A9.ﬃﬁ;D)ﬁ81!"ﬁ-ﬁ+' 2 2RU
M 2cﬁ"=")+fﬁo#)"4'$5 2 !4' 2'>ﬃﬂ=ﬁ461!+;@J ﬂ'<g4+N/.ﬃ'$niU 2ﬁ+0.ﬃ 2RU#0412RU+ﬁN.ﬃﬁg)"4;p`
;c4'12A@ﬁ"$E 2'b;*.ﬃ'ZAE.ﬃ12 !)F.ﬃ !4'Tis.ﬃ'$E 2'8/.ﬃ !)+1V.ﬃ7 2'
&
eKﬂ ﬁ461!+;cFJ7Ka'$""$8$5 2ﬁ")+oﬁ412RU+ﬁ
.ﬃﬁBﬁ4 26 2 2RU+12Al&uQ=+' 2RUOﬂv4p1V.ﬃ>U&`a 2\F@ﬁ461!+;cFJ 
B6ﬁ0.ﬃ'Z V.ﬃ1212Alﬁ"IZ+', V.ﬃ1.ﬃ12>U4 2;
;*.ﬃ~U"g&(*)+ !+',g/.ﬃ0.ﬃ121!+1s 2;<1!+;c+'Z0.ﬃ !4'-ﬃﬂH$5 2ﬁ")+gﬁ412RU+ﬁg4'_;cQ$+'_/.ﬃ0.ﬃ121!+1)"4;<ﬁ+ﬁgﬁ45`
61!"ﬁ4;cﬀJ
e+;c4ﬁ:$5 2ﬁ")+-0412RU+ﬁgﬁ"I, 2ﬁ.p1!4#ﬃﬂfﬁ40.ﬃ>UDﬁc=+dﬂv4; oﬂY.4)+ﬁ4 !0.ﬃ !4'sJ
t
B$5 2;c+' !4'Sﬃﬂ#12 2'F.ﬃ<AQﬁﬁ+;  2')+ﬁF.4ﬁ"TiH 2ﬁ+0.ﬃ 2RUBﬁ412RU+ﬁc.ﬃﬁRU+Aﬃﬂ}ﬁ+'lO;*.ﬃﬁ+cﬃﬂ
)ﬁ4 !)"ﬀJ
ﬂ+-ﬁF.4ﬁ4';*."A9>ﬀ>U"ﬁ#r0Dﬃﬂf 2ﬁ+0.ﬃ 2RU:ﬁ412RU+ﬁFJKL'8.ﬃ'9 2ﬁ+0.ﬃ 2RU:ﬁ412RU+FiﬁAQﬁ+;
;*.ﬃ u
A
 !'4o'""$"$8 2'&u512 !)+ 27ﬂv4;?6o4'12A8.OﬁQ)""$5ﬁﬁB)"4;<ﬁpp;*.ﬃ uQ`YRU")+ﬁ4
ﬁQ$5)+
Ax
ﬂv4[.o>ﬀ 2RU+'*RU")+ﬁ4
x
 !fﬁ"I, 2ﬁ"$nJHe+;c4ﬁﬀi5 !4N~,'TM1!"$5>U-.ﬃ6=4ﬁ412 !4'
)F.ﬃ'|6=p 2'ZﬁQ$5)""$| 2',ﬁ_<ﬁ412 !4'|ﬁQ)""ﬁoRQ V.< 2' 2 V.ﬃ1N.ﬃﬁFuQ 2;*.ﬃ !4'sJek 2'/.ﬃ1212AUis 2ﬁ+0.ﬃ 2RU
;c+Q$g)F.ﬃ'_6-ﬁ+;< 2'/.ﬃﬁ"$_M+'9o$" 2ﬁ"$@.4)")+0.4)+AO !g.4)0 !+RU"$nJKL'Bﬂh.4)+FiQ712 2'F.ﬃ#ﬁAQﬁ+;
'$+*)"4' !$+0.ﬃ !4' !p_$5 !ﬁ)+ﬁ+ﬁ_RU+ﬁ !4'qﬃﬂr.8AQﬁﬁ+; M 2.ﬃ'S 2'5%' 2ﬁ_'Z;6+*ﬃﬂo$+>ﬀﬁ""
ﬃﬂ-ﬂ}ﬁ""$4; W}M !)0 2ﬁﬁ+1ﬂ7 !c4'12Aq.8;cQ$+1#ﬃﬂ-@ﬁF.ﬃ1#A5ﬁ+;O]&JqKLc$,"<'4<;*.ﬃ~U8.ﬃ'ZASﬁ+'ﬁ
ﬁ|)"4;<ﬁ_9ﬁ412 !4'ﬃﬂ7_12 2'F.ﬃ*A5ﬁ+; M 2w.4)")+0.4)+Al 2>ﬀ+c/.ﬃ'q9$5 !ﬁ)+ﬁ+ !0.ﬃ !4'
+ﬁ4FJ-+')"ﬀiQ+A*ﬁ"I, 2ﬁo4'12A*7+;<1!FAQ;c+'Z-ﬃﬂﬀﬁ-ﬁ"ﬁ4ﬁ)""DW} 2;cﬀi5;c+;c4A]NM !)ﬁ9.ﬃﬁ
'")""ﬁ0.ﬃAﬁc460.ﬃ 2'@rﬁ"IZ 2ﬁ"$9.4)")+0.4)+AUJ
<'5ﬂv4'/.ﬃﬁ+12AUiQ#+dﬂh4;*.ﬃ')"ﬃﬂn 2ﬁ+0.ﬃ 2RU-ﬁ412RU+ﬁ[$++'$[ﬁ4'>ﬀ12Ac4'*=")+0.ﬃ1/ﬁ45`
+ !":ﬃﬂ
*12 2'F.ﬃA5ﬁ+; ;*.ﬃ uni3.ﬃ'$| 2'/.ﬃ !)+1V.ﬃ: 2ﬁD)"4'$5 2 !4'P'Z;6+FJ_Kaﬂc;*.ﬃ u| !
 2121`a)"4'$5 2 !4'"$ni4'r !
ﬂh4ﬁ)""$@ﬁc$+RQ !ﬁr.ﬃ'9&(*)+ !+',ﬁ")"4'$5 2 !4'+FJt ﬁ")"4'$5 2 !4'+- !.ﬃ'945`
+0.ﬃﬁ4:/.ﬃ0.ﬃ'dﬂh4;c* 2' 2 V.ﬃ1[12 2'F.ﬃ:ﬁAQﬁ+;  2'Zﬁb.ﬃ'4+<4'c/."RQ 2'>8O0.ﬃ;cOﬁ412 !4'si
6g6=+ﬁ+g)"4'$5 2 !4'"$8.ﬃ'$B+')"DF.4 !+gﬁcﬁ412RUﬀJ
b.ﬃ'ZA*)"4'ﬁ0.ﬃ 2'Zﬁ[;D[6=#0.ﬃ !d%/"$* 2'O$&%' 2 !4'_ﬃﬂsgﬁ")"4'$5 2 !4'+FJek 2ﬁ12AUi, 2[;D
6=p 2'&uQ=+' 2RUpﬁ_)"4;<ﬁO.ﬃ'$|.ﬃ12AUi 2'ﬁ+;cDﬃﬂ[;c+;c4A8z.ﬃ>Uc.ﬃ'$|)"4;<0.ﬃ !4' 2;cﬀJ<Kaﬂ
=ﬀﬁ 261!ﬀi 2-41!$E6o>U+'+0.ﬃ1`Y=ﬀﬁﬀJGHRU+'E;c4ﬁ 2;<=40.ﬃ'Z12AUi 241!$E6=r4 2;*.ﬃ1Yi/.ﬃ !
 2ﬁ7=+dﬂv4;*.ﬃ')"cﬁ41!$b6: 2'$+=+'$+'ZDﬃﬂ
pﬁ461!+;  2\FﬀJ:ej 2'/.ﬃ1212AUij 2')"pMNc.ﬃﬁp 2',ﬁ+ﬁ"ﬁ"$
 2'/.ﬃ0.ﬃ121!+1n.ﬃ12 !)F.ﬃ !4'Ti5 2
ﬁ41!$*6=0)F.ﬃ1V.ﬃ61!ﬀi,/.ﬃ
 !N 2ﬁ[+dﬂh4;*.ﬃ')"741!$'4[$+>ﬀ0.4$.ﬃﬁr.4
o',;D6=+ﬃﬂ3ﬁ,)""ﬁ04ﬁ 2')+ﬁF.4ﬁ"FJ
t )+1V.40-ﬃﬂNﬁ")"4'$5 2 !4'+ﬁFinMN+121`aﬁ 2ﬁ"$8ﬂv4-/.ﬃ0.ﬃ121!+1H)"4;<0.ﬃ !4'Fin !-6/.4ﬁ"$84'8	

	
ﬁﬀﬂﬂ W7ﬂﬀﬂr]c.ﬃﬁU.4)0sJ
96/.4 !)_ !$F.ﬃﬂﬀﬂﬀﬂ?;c+Q$* !<ﬁ$")"4;<ﬀﬁ99)"4;p`
0.ﬃ !4'/.ﬃ1N$4;*.ﬃ 2'
Ω
 2'Zﬁ
M
ﬁ;*.ﬃ121!+r/.ﬃﬁ
Ωi
i
i = 1, . . . ,M
ij)F.ﬃ121!"$ 6=$4;*.ﬃ 2'Fi)0/.ﬃ
∪Mi=1Ωi = Ω
J )&u5Fi<4 2>ﬀ 2'/.ﬃ1Hﬁ461!+; )F.ﬃ'b6:ﬁ&ﬂh4;D1V.ﬃﬁ"$M 2 2' F.4)ﬁ|6=$4;*.ﬃ 2'
Ωi
isﬃﬂ
;*.ﬃ121!+#ﬁ 2\FﬀJ
 !ﬂY.ﬃ;< 212A_ﬃﬂf6ﬁ461!+;c# !#)"41!"$94'oﬁ*.ﬃ'4+ﬁ4>ﬀ9DR4.ﬃ12"gﬃﬂH
'~Q'FM'*ﬁ412 !4'*.ﬃfﬁ6$4;*.ﬃ 2'c 2',ﬁ+dﬂh.4)"ﬀJH
 !H)"412 2'>D !H+'<ﬁ+;cFRU"$*.ﬃH&u5=+'ﬁﬃﬂ 2'5`
ﬁQ$5)+ 2'>D.ﬃ': 2ﬁ+0.ﬃ 2RUgﬁ,)""ﬁ3M !)0< 2'ZRU412RU"FiQ.ﬃHF.4)ﬁcﬁ+siU0412 !4'H4'<
Ωi
M 2*.4$$5 2 !4'/.ﬃ1
 2'Zﬁ+dﬂY.4)"D)"4'$5 2 !4'4'
∂Ωi \ ∂Ω J
)-4ﬁ/.ﬃkNﬁ+; ﬂﬀﬂq)F.ﬃ'<+;60.4)"
.#1V.ﬃ>UNR4.ﬃ !+LAﬃﬂ'Z;c+ !)F.ﬃ10)ﬁ+;c"FJkG.4)ﬁcﬁ6$4;*.ﬃ 2'
;*."A<ﬁ&ﬂh+ﬁ:.r$5 ﬃn+ﬁ+'Z[ZA5 !)F.ﬃ1/ﬁ+>ﬀ !4'si,;cQ$+121!"$*M 2$5 ﬃ=+ﬁ+',N,AQ !)F.ﬃ1=4f',;c+ !)F.ﬃ1;cQ$+1!FJ
=    
         	
ΩΩΩ Ω2121
ek 2>ﬀﬁ ﬀ J ﬀRNG3u.ﬃ;<1!ﬃﬂ3TRU+1V.ﬃ 2'>|W}1!&ﬂ}z].ﬃ'$@'4'5`aFRU+1V.ﬃ 2'>|W} 2>ﬀZz] ﬂﬀﬂ:J ﬂRU+1V.ﬃ 2'>B.ﬃﬁF.
 !g/.4$"$nJ

 ![1!F.4$[ﬁr-ﬁﬃ`a)F.ﬃ121!"$+ﬁ+ﬁ4>U+'"4ﬂ ﬂ Qﬁ"  	 i
&
/.ﬃsJ3@ ﬀaJ ﬂ'-4+[/.ﬃ'$niQM+'
F.4)ﬁb6=$4;*.ﬃ 2'E !;cQ$+121!"$8.ﬃ'$8$5 !ﬁ)+ﬁ+ 2\F"$E 2'>*:0.ﬃ;cD"I,/.ﬃ !4'o.ﬃ'$9',;c+ !)F.ﬃ13;c,$+1Yi
4'o/.44;c4>U+'"4-$4;*.ﬃ 2'9$")"4;<=ﬀ 2 !4'sJ

<)+1V.4ﬁoﬃﬂN4;c4>U+'"4#ﬂﬀﬂ ;c+Q$7 !70.ﬃ+o1V.ﬃ>UﬀJ:t )"4;<;c4'|)+1V.4ﬁ %/)F.ﬃ !4'|$5 2RQ !$"
"ﬁ ﬂﬀﬂ ;c+Q$ 2'Zﬁ*aMNc>ﬀﬁ4 
&
 
=/i/X M; ?i 	  ﬀaJ
KL'SB%ﬁc>ﬀﬁ4si['/.ﬃ;c"$.^ﬂ}ﬁ+XQ)0ZM
.ﬃ\Ui@)"4;<0.ﬃ !4'/.ﬃ1$4;*.ﬃ 2'w !c6=$5 2R, !$"$q 2'Zﬁ
    	B6=$4;*.ﬃ 2'Wh.4g$+ !)+ﬁ"$@4'971!&ﬂ}gﬃﬂk%>ﬀﬁ ﬀ J ﬀT]&i/.ﬃ'$B1!Q)F.ﬃ1ﬂ- 2 !)ﬁ1!+d`YaAQ=rﬁ465`
1!+;cr.ﬃﬁ:+'|ﬁ412RU"$b4'F.4)ﬁ|6=$4;*.ﬃ 2'sJD
p)"4;<;D' !)F.ﬃ !4' 6+LMN"+'<ﬁ412 !4'o4'b
$5 ﬃn+ﬁ+'Z<6=$4;*.ﬃ 2' !:+ﬁO>ﬀ/.ﬃ0.ﬃ'Zﬁ""$l6,A|BFRU+1V.ﬃ 2'>ﬁ+>ﬀ !4'sJb
 !:;c+,$ /.4:6"+'
ﬁ4=ﬀﬁ"$S6ZA :J `atJXQ)0ZM[.ﬃ\8 2' ﬀ@ bﬁbﬁTRU@_&u5 !ﬁ+')"@ﬃﬂ-0412 !4'ﬃﬂ7+1212 2 !)"ﬂ7Gf*4'
$4;*.ﬃ 2'Sﬃﬂ#)"4;<1!&u /.ﬃ=ﬀi3/.ﬃ !Ti3.E$4;*.ﬃ 2'Pﬂv4M !)ﬁl'8&u.4)+pﬁ412 !4'lﬃﬂ#*ﬁ461!+;  !
."Rﬀ.ﬃ 21V.ﬃ61!  XQ)0  ﬁﬀaJ

Nﬁ")"4'$r>ﬀﬁ4ﬁ"  	 
    	oﬁ6$4;*.ﬃ 2'
Wh.4TM':4'Df 2>ﬀZkﬃﬂ5%>ﬀﬁﬀ J ﬀT]&JkKa
 !kZH=ﬀﬁ 261!Nﬁ7$")"4;<ﬀ0N['~Q'FM'H 2',ﬁ7aM[oﬁ+ﬁR4'Nﬂh4;c"$:6ZAD['~Q'FM'f4'p
 2'Zﬁ+dﬂY.4)"76=+aMN"+'E6$4;*.ﬃ 2'Ti5o4+
ﬂv4;c"$6ZA'~Q'FM'#.4ﬁ0,)+ V.ﬃﬁ"$M 2_'Q$"
 2'Zﬁ+'/.ﬃ1
ﬁ7g6=$4;*.ﬃ 2'FJ3t
fg.ﬃ12>U+60.ﬃ !)#1!+RU+1YiZ4';*.FA:+'O)"4;<ﬁXQ)ﬁ,N)"4;<1!+;c+',7WYX
&
]
;*.ﬃ ub6ZA L)"4'$+'ﬁ 2'> pp'~Q'FM'r 2'8<0")"4'$ﬁ+FJD
<A5ﬁ+;? !7+'|ﬁ412RU"$b6,A@%ﬁ
)"4;< 2'>_R4.ﬃ12"7ﬃﬂf 2'Zﬁ+dﬂY.4)"p'~,'TM'r.ﬃ'$9+'bﬁ412RQ 2'>O: 2'$+=+'$+'Z7ﬁ461!+;c
ﬂh4o 2'Zﬁ+'/.ﬃ1j'~,'TM'FJ

"ﬁ ﬂﬀﬂS;c+,$H.ﬃﬁ/.ﬃ1212Ao0.ﬃ+j 2'&(*)+ !+',3M+'Dﬁ"$p.4ﬁ412RU+ﬁkﬃﬂf12 2'F.ﬃkﬁ461!+; 
FM[+RU+FiU+AD)F.ﬃ'p6=ﬁ&ﬂh4;D1V.ﬃﬁ"$c.43&(*)+ !+',H/.ﬃ0.ﬃ121!+1Qﬁ")"4'$5 2 !4'+ﬁTJ
)4ﬁN/.ﬃf.ﬃ121,
0.ﬃﬁ&`
ﬃﬂ}`L.ﬃKﬂﬀﬂSﬁ")"4'$5 2 !4'+ﬁH)"4' !ﬁkﬃﬂﬂ   Q.ﬃ'$ﬂ  Q)"4;<=4'+'ZﬁTJk
N1!Q)F.ﬃ1,/.ﬃFiﬀ.4)+ 2'>o.ﬃj
6=$4;*.ﬃ 2'r1!+RU+1Yiﬃ)F.ﬃﬁ"sfﬁ4'>)"412 2'>Us/.ﬃj.ﬃ=F.ﬃn6+LMN"+''+ 2>ﬀZ6=4 2'>-6=$4;*.ﬃ 2'Fi
M 21!rD>ﬀ1!46/.ﬃ1/.ﬃﬁFRQ !$:.ﬃ'8FRU+0.ﬃ121 
B.ﬃ124>ﬀE 2'&u5=+' 2RU 
)"4;<;' !)F.ﬃ !4'|.ﬃ;c4'>O
6=$4;*.ﬃ 2'FJ8X,41!$l._ﬁ")"4'$5 2 !4'+*.4)+:4'12A|1!Q)F.ﬃ1212AUij+'PO 2ﬁ+0.ﬃ 2RU*;c+Q$/.ﬃ:ﬁ"
)0b.*1!,)F.ﬃ1kﬁ")"4'$5 2 !4'+oM 2121k/."RUp)"4'ZRU+>U+')"p0.ﬃﬁ/.ﬃo$++'$7ﬁ4'>ﬀ12A94'8'Z;D6=+
ﬃﬂ3r6=$4;*.ﬃ 2'FJ

>ﬀ1!46/.ﬃ1n)"4;<4'+',[ !N/.ﬃ1212Acﬁ&ﬂh+ﬁ"$ﬁ.4. L)"U.ﬃﬁ0-ﬁ/.4)")"4ﬁ")+ !4' 0i 2')"#/.ﬃ1212Ac 2
 !$&%'"$4'O.D/.4)"/.ﬃ !N)"U.ﬃﬁﬁgM 2Oﬁ"=")+ﬁog%'#/.4)")"4'Z0.ﬃ 2' 2'>:#ﬁ412 !4'sJH

      
	   	   	  
 
)"4;<1!&u5 2aA_ﬃﬂj !g.ﬃ5u5 212 V.ﬃAOﬁ461!+;  !
;)ﬁ@1!TMN+/.ﬃ'/.ﬃgﬃﬂko4 2>ﬀ 2'/.ﬃ1sﬁ461!+;@i/.ﬃ'$ 2ﬁ
ﬁ41!< !oﬁ_$5 ﬃ=ﬁ< 2'5ﬂh4;*.ﬃ !4' .ﬃ;c4'>E<6$4;*.ﬃ 2'TJcKa'.ﬃ'P.ﬃ'/.ﬃ1!4>U4r;*.ﬃ''+DﬁB;12 2>ﬀ !$
;c+Q$Fi[ !*)"U.ﬃﬁﬁ@ﬁ/.4)"_ !<ﬁ"$Sﬁ)"4ﬁ")+* L;cQ4 B/.ﬃOﬃﬂ7@+ﬁ4Fi[M+ﬁF.4*
W}1!Q)F.ﬃ1 ][ﬁ")"4'$5 2 !4'+# !0"$_ﬁ<$5;<@ a 2>ﬀ5`hﬂvﬁ"IZ+')+A o/.ﬃFJ
  	
 
 
 

E;*.ﬃ 2'w465m")+ 2RUEﬃﬂr !O" !O !cE 2'ZRU" 2>Z.ﬃ !4'yﬃﬂo/.ﬃ0.ﬃ121!+17ﬁ")"4'$5 2 !4'+ﬁB6/.4ﬁ"$4'
!ﬂﬀﬂ /.ﬃ0.4$5 2>ﬀ; ﬂh4oﬁ461!+;c:$&%'"$|4'|')+ﬁ"$>ﬀ !$FJXQ+RU+0.ﬃ1N'+M ﬁ")"4'$5 2 !4' 2'>
ﬁ")ﬁ' !I,"Fiﬂv46=4@FRU+1V.ﬃ 2'>_.ﬃ'$_'4'5`aFRU+1V.ﬃ 2'>B$")"4;<=ﬀ 2 !4'Fi/.ﬃﬁoﬁ4=ﬀﬁ"$nJ
t )"4;<0.ﬃ !4'/.ﬃ1j~U+'+1MNoM 2121nﬂvﬁ"I,+'Z12A@.4$$5ﬁ"ﬁ !DekGqﬁ461!+;{
ej 2'$
uh ∈ Vh )ﬁ@/.ﬃR
a (uh, vh) = f(vh) ∀vh ∈ Vh,
W ﬀ J ﬀT]
Vh(Ω)
6+ 2'>g/.4)"ﬃﬂekG|ﬂ}')+ !4'B4'.oﬁ"ﬁﬁ+121V.ﬃ !4' Th ﬃﬂ Ω i a(·, ·) : Vh×Vh → R .r6 212 2'F.ﬃ
ﬂv')+ !4'E.ﬃ'$
f : Vh → R .:12 2'F.ﬃﬂv')+ !4'/.ﬃ1YJ
e4@.ﬃ'y+1212 2 !)b12 2'F.ﬃ_ﬁ461!+; W}12 2~Ub4B;c,$+17ﬁ461!+;@i-ﬁ"bﬁ")+ !4' 5J ﬀT]cM[b/."RUb/.ﬃ
a(uh, vh)
 !7.c)"Q+ﬁ)+ 2RUD6 212 2'F.ﬃﬂh4;?.ﬃ'$
uh
 !#p.ﬃﬁ"u5 2;*.ﬃﬁ"$bﬁ412 !4'siM 21!rﬂh4#
&
GfG
Wvﬁ"oﬁ")+ !4'N=JU]
a(uh, vh)
41!$B6=7ﬁ+>Z.ﬃﬁ$"$9.4
76 212 2'F.ﬃﬂh4;C&u5ﬁ"ﬁ 2'>< TZ.4)"46 V.ﬃ'8ﬃﬂ
oGH1!+#ﬁAQﬁ+; Wh.^ﬂvﬁ+ 2;cr.ﬃ'$_/.4)"o$5 !ﬁ)+ﬁ+ !0.ﬃ !4']g.ﬃ'$
uh
1V."A57ﬁ41!oﬃﬂj7 2')+ﬁ+;c+',
ﬃﬂ3oZA5 !)F.ﬃ1sRﬀ.ﬃ V.ﬃ61!"FJ
C 13H(ﬀ2 
>ﬀ 2RU"Hﬁ4;c[6/.4)ﬁ~Q>ﬀﬁ4'$<4'<7A,1!TR:.4)")"+1!+0.ﬃﬁ4ﬁFiZFM.4)")"+1!+0.ﬃﬁ4ﬁ.4)")"4;<;cQ$.ﬃﬁ
ﬁ")"4'$5 2 !4' 2'>i3.ﬃ'$|412 2'"op;*.ﬃ 2' !ﬁ"o+')"4',ﬁ+ﬁ"$| 2'<$&%' 2 !4'ﬃﬂ
pﬁ")"4'$5 `
 !4'+FJD
p;*.ﬃ 2'|)+1V.40ﬁ"7ﬃﬂN/.ﬃ0.ﬃ121!+1Hﬁ")"4'$5 2 !4'+ﬁrM !)0 .ﬃﬁ:ﬁ+4ﬁ"$b 2'b:12 2ﬁ+0.ﬃﬁ*.ﬃﬁ
.4$$5ﬁ"ﬁﬁ"$E.ﬃ'$@)"4;</.ﬃﬁ"$nJ
C 13H(ﬀ2)A
 !;*.ﬃ 2'12A$+RU4ﬁ"$ﬁb.4$$5ﬁ"ﬁ 2'>8O"4ﬁ+ !)F.ﬃ1[ﬁ4=+ !"pﬃﬂ ﬂﬀﬂCﬁ")"4'$5 `
 !4'+ﬁFJf
D)ﬁ/.ﬃﬁ+# !#$5 2R, !$"$_ 2',ﬁ<aM[c/.ﬃﬁFJ
"3.ﬃK&i)"FRU+ﬁ"$9 2'Eﬁ")+ !4' 5J5iﬂh,)+ﬁ"#4'9FRU+1V.ﬃ 2'>@XQ)ﬁ,M[.ﬃ\pﬁ")"4'$5 2 !4'+ﬁFJ

r;*.ﬃ 2'
 !ﬁp !7<$&%' 2 !4'PﬃﬂNc)"U.ﬃﬁ0</.4)"ﬀi.ﬃ' .ﬃﬁF.Bﬃﬂ
ﬁ"ﬁF.ﬃﬁ)ﬁ/.ﬃo/.4o6"+'RU+A8ﬁ412 %/)< 2'
ﬁ")"+'Z:AUF.ﬃﬁp.ﬃ'$| !: 2121NﬁJB
*/.ﬃ1M
."A|ﬁE$&%'*O)"U.ﬃﬁﬁc;*.ﬃ u| !6/.4ﬁ"$4' *e3G
.ﬃﬁ"u5 2;*.ﬃ !4'cﬃﬂ/NR4.ﬃ V.ﬃ !4'/.ﬃ15ﬁ461!+;@iﬀ/.ﬃ3 !Fiﬃ[)"U.ﬃﬁﬁ[4+0.ﬃﬁ43 !jﬂv4;c"$6ZA$5 !ﬁ)+ﬁ+ ! 2'>
oﬁ461!+;?.ﬃ/.ﬃ'$94'9.p;)ﬁE)"U.ﬃﬁ0+g>ﬀ !$nJ -FM[+RU+Fir)"4')+ !4'8ﬃﬂH.c)"U.ﬃﬁﬁo>ﬀ !$9.ﬃ'$
ﬃﬂHD)"4ﬁ"=4'$5 2'>ﬁ" !)+ !4'8.ﬃ'$E&uQﬁ+' !4'84+0.ﬃﬁ4ﬁ;*."A_6=D$5 (*)+12-4)"4;<0.ﬃ !4'/.ﬃ1212A
&u5+' 2RUo4'9>U+'+0.ﬃ1s')+ﬁ"$@>ﬀ !$-.ﬃ'$9.ﬃ6 20.ﬃAB>U"4;c+ !"FJKL'9.4$$5 2 !4'si5ﬂh4.:>U+'+0.ﬃ1Yi
=ﬀﬁ 2612Ao'4'5`a)"4'ZRU&u<$4;*.ﬃ 2'si4 2k !k$5 (*)+123ﬁ-+'ﬁN/.ﬃkN6=4'$.ﬃAD)"4'$5 2 !4'f.ﬃﬁN)"4ﬁ")+12A
ﬁ+ﬁ"ﬁ+',ﬁ"$ 4' *)"U.ﬃﬁﬁ*1!+RU+1YJ
 !M[.FA|ﬃﬂg$&%' 2'>EO)"U.ﬃﬁﬁ*/.4)"c;*."A6=<ﬁ461!+;*.ﬃ !)
.ﬃ1!ﬁﬂh4rp 2;<1!+;c+'Z0.ﬃ !4'S$+0.ﬃ 21!FJ*@$F.ﬃ1fM 2P.B)"U.ﬃﬁﬁ<>ﬀ !$;*.FA8ﬁ"ﬁ12r 2'.;D)0 ;c4ﬁ
)"4;<1!&u 
.ﬃ'$_+ﬁ&ﬂh4ﬁo;c4ﬁr$5 (*)+12#ﬁpRﬀ.ﬃ12 !$.ﬃﬁD.ﬃ'$_;*.ﬃ 2',0.ﬃ 2' 
)"Q$ﬀJ
jE."RU4 !$"ﬁ<ﬁ461!+;cFikM[c/."RU*ﬁ"ﬁ4ﬁ"$|ﬁE._$&%' 2 !4' ﬃﬂc)"U.ﬃﬁﬁO/.4)"</.ﬃ:$,"
'4fﬁ"I, 2ﬁg&u512 !)+ 2)"4')+ !4'ﬃﬂn.7)"U.ﬃﬁﬁg>ﬀ !$nJX,0.ﬃ 2'>oﬂ}ﬁ4; ﬁ+R, !4/.ﬃ+ﬁ "[XQe 	  i
?    
         	
TUo8 i Qi5XQe ﬁﬀ ﬀaiUMNﬁ4=ﬀﬁ.r>U+'+0.ﬃ1ﬂv0.ﬃ;c+MN4~cﬁD6 21!$.D)"U.ﬃﬁﬁ#4=+0.ﬃﬁ46,A< 2'>:.
ﬁQ)""$5ﬁD/.ﬃ-4+0.ﬃﬁ"-$5 2ﬁ")+12A@4'9;*.ﬃ u9+'Z !"Fi6/.4ﬁ"$E4'9D)"4')"+7ﬃﬂ.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'sJ
{|)"4' !$+c.E0+:ﬃﬂ.4ﬁﬁ;< !4'<4' B)"U.ﬃﬁﬁ6/.4 !Dﬂ}')+ !4'TJ
"4ﬁ+;c 5J5J =.ﬃ'$,5J5J 
ﬁ+ﬁ"ﬁ+',N#;*.ﬃ 2'Oﬁ"12ﬁNﬃﬂs !ﬁ")+ !4'sJH
#"4A<+ﬁ$+RU+1!4="$*&u5ﬁ+'$Nﬁ+R, !4Nﬁ"12ﬁ
ﬁ"ﬁ+',ﬁ"$w 2'w@12 2ﬁ+0.ﬃﬁﬀJ 
9 2' +')"8ﬃﬂr@>U"4;c+ !)F.ﬃ17ﬁ4=+ !"ﬃﬂr8.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁ"
.ﬃ'$Pﬃﬂg*6=$4;*.ﬃ 2'Fif.ﬃ'$ c 2' +')"BﬃﬂgOﬁ;c,4+Fik/."RU6="+'~U+pﬁ+/.ﬃ0.ﬃﬁO 2' 
%'/.ﬃ1g6=4'$nJq
 !*.ﬃ121!TMgO.86=+ﬁ+O.ﬃﬁ")+ V.ﬃ !4'wﬃﬂ7_ﬁ41!_ﬃﬂ7_ﬁ"@$5 ﬃn+ﬁ+'Zc/.4ﬁ"Oﬃﬂ
4p;c,4"$l.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'q.ﬃ12>U4 2;@J();c+ !)F.ﬃ1
&uQ=+ 2;c+'Zﬁ<.ﬃﬁOﬁ+4ﬁ"$ ﬁ9 21212ﬁ0.ﬃﬁ*
=+dﬂv4;*.ﬃ')"rﬃﬂ3oﬁ4=ﬀﬁ"$_;c+Q$FJ
KL'"k.ﬃ-KﬁK&iQ)"TRU+ﬁ"$_ 2'9ﬁ")+ !4' 5J5i5rﬁ412 !4'9ﬃﬂ3DX
&
A5ﬁ+;  !g$5 !ﬁ)+0ﬁ"$nJH
rﬁ")+ !4'
4=+'
M 29.Dﬁ+RQ !+Mxﬃﬂk04;cﬁ"ﬁ12ﬁ[ﬂv4#X
&
`Y6/.4ﬁ"$_;c+Q$g.ﬃ'$B7ﬁ")"4'$5 2 !4'+ﬁgﬁ"0+'Zﬁ"$
 2'B12 2ﬁ+0.ﬃﬁﬀJH{|r.ﬃ'/.ﬃ12A5ﬁ# 2'_$+0.ﬃ 21n7$5 ﬃn+ﬁ+')""6+LMN"+'@+1!+;c+',d`a4 !+'Zﬁ"$lWvG ﬂo][.ﬃ'$BRU+ﬁ&u,`
4 !+'Zﬁ"$ W ﬂo]7$")"4;<=ﬀ 2 !4'FJBKL'|pﬂh4;c+FiO)"4;<0.ﬃ !4'/.ﬃ1[$4;*.ﬃ 2'  !D$")"4;<=ﬀﬁ"$ﬁ
/.ﬃgF.4)ﬁE+1!+;c+'Zﬃﬂk7>ﬀ !$_6=+1!4'>Uﬁc.p$5 ﬃ=+ﬁ+',#$4;*.ﬃ 2'siM 21!7 2'_71V.ﬃﬁ+go$")"4;<=ﬃ`
 2 !4'.4)+ﬁ74'8RU+ !)""oﬃﬂ>ﬀ !$ninﬁc/.ﬃoF.4)08RU+ﬁ&u86+1!4'>U-ﬁB.*$5 ﬃn+ﬁ+'Zo6=$4;*.ﬃ 2'sJ

EX
&
ﬁAQﬁ+;cO.ﬃ ! 2'>ﬂvﬁ4; _aM[ .ﬃﬁU.4)0".ﬃﬁ@)+1!F.ﬃ12Aq$5 ﬃn+ﬁ+'ZFJ{|_ﬁ"ﬁ+',.b'+M
ﬁ")"4'$5 2 !4'+:.ﬃ !ﬁ 2'>Bﬂ}ﬁ4; ﬂ$")"4;<=ﬀ 2 !4'sisMﬀ0<")+0.ﬃ13ﬁ4=+ !"D.ﬃﬁ<$&%'"$ 2'
ﬁ4=ﬀ 2 !4' 5J5J5i.4<M[+121-.4*.)+1V.40cﬃﬂoﬁ")"4'$5 2 !4'+ﬁO460.ﬃ 2'"$qﬂ}ﬁ4; E.ﬃﬁ"u5 2;*.ﬃﬁbX
&
A5ﬁ+;cFJ "Hﬁ4=ﬀ 2 !4' 5J5J>ﬀ 2RU"D."4ﬁ+ !)F.ﬃ1f6=4'$8ﬂh4o !o1V.ﬃﬁ+r)+1V.4ﬁrﬃﬂ[ﬁ")"4'$5 2 !4'+ﬁFi
Mﬀﬁ- !$F. ![ﬁ:.ﬃﬁFuQ 2;*.ﬃﬁ77)"4;<0.ﬃ !4'/.ﬃ1212A_&uQ=+' 2RU/.ﬃﬃﬂrX
&
W} YJ ﬀJ2i57ﬁ412 !4'
ﬃﬂgO 2'Zﬁ+'/.ﬃ1*ﬂ- 2 !)ﬁ1!+pﬁ461!+;cz]&if.ﬃ'$ ﬁ90* !p.ﬃﬁ"u5 2;*.ﬃﬁ_ﬁ412RU+<.4:.9ﬁ")"4'$5 2 !4'+
ﬂh4rc'ﬁ"$5)""$PA5ﬁ+;@JO
cﬁ")"4'$5 2 !4'+p460.ﬃ 2'"$  !o',;c+ !)F.ﬃ1212AﬁFRU"$ﬁ@6=<ﬁ46
.ﬃ'$cTMgf>UQ,$p/.ﬃ0.ﬃ121!+1/ﬁ4+ !"FJ "Hﬁ")"4'$5 2 !4'+ﬁ[6/.4ﬁ"$*4'*.ﬃﬁ"u5 2;*.ﬃﬁ7XQ)0ZN)"4;<1!+;c+',
;c+Q$.ﬃﬁr.ﬃ1!ﬁ<ﬁ"0+'Zﬁ"$nJ
C 13H(ﬀ2 
 2',ﬁ,$5)""H
&
GfG .ﬃ'$p+ 2f/.ﬃ V.ﬃ1$5 !ﬁ)+ﬁ+ !0.ﬃ !4'siU6/.40"$:4'< <0ﬂﬁ)0+;c"FJ
KL'8+ 2o)+ﬁ+',D0.ﬃﬁﬀin <0ﬂ ﬁ)0+;c"r)F.ﬃ'b6:ﬁ"$Eﬂh47)"4;<1!&u.4+ﬁ,$5AQ'/.ﬃ;< !) /FMgTin64b 2'
@604' !)9.ﬃ'$q0.ﬃ'ﬁ4' !)@ﬁ+>ﬀ 2;cﬀJwKLc !c)+1!F.ﬃO/.ﬃc__ﬂv121=4ﬁ+'Z V.ﬃ17ﬃﬂ-9.ﬃﬁU.4)0
;*."A 6Oﬁ+RUF.ﬃ1!"$S4'12A| ﬂ#"0O;c+Q$p)"41!$l?ﬃ=")+ 2RU+12A 1!F.4$ ﬁbﬁ)F.ﬃ1V.ﬃ61!/.ﬃ0.ﬃ121!+1)"Q$"FJKa'
/.ﬃ !)+1V.ﬃFi5 !Nﬁ"IZ 2ﬁ"N$&%' 2 !4'_.ﬃ'$O 2;<1!+;c+'Z0.ﬃ !4'@ﬃﬂj.r0)F.ﬃ1V.ﬃ61!#ﬁ")"4'$5 2 !4'+#.ﬃ'$ﬃﬂ
.*/.ﬃ0.ﬃ121!+1j>ﬀ !$.4$.ﬃ0.ﬃ !4'bﬁ")ﬁ' !I,ﬀi=ﬁ* 2;<ﬁTRU:ﬁ412 !4'|.4)")+0.4)+A@M 21!ﬁ-4 2;< ! 2'>B
)"4;<0.ﬃ !4'/.ﬃ1kﬁ"ﬁ4ﬁ)""FJ
e4-:ﬁ412 !4'8ﬃﬂf1V.ﬃ>Uﬀi/.ﬃﬁﬁﬀi'4'5`aA,;<;c+ !):12 2'F.ﬃ7A5ﬁ+; .ﬃ ! 2'>Oﬂvﬁ4;  )+M
`
ﬁ4' ;c+,$niMNb087AQ1!FRwﬁ")ﬁ' !I,"FJ KL'y4ﬁ$+BﬁP)"4',ﬁ41r8'Z;6+9ﬃﬂ:7A,1!TR 2ﬁ+0.^`
 !4'#.ﬃ'$ﬁ<460.ﬃ 2'9.pﬁ)F.ﬃ1V.ﬃ61!r.ﬃ12>U4 2;@iM[7ﬁ")"4'$5 2 !4'@+; M 2ﬂﬀﬂ`Y6/.4ﬁ"$Bﬁ")"4'$5 2 !4'5`
+ﬁFi3ﬃﬂXQ)ﬁ,M[.ﬃ\@4pXQ)0ZpaAQ=ﬀJ@
cﬁ"12 2'>Eﬂv0.ﬃ;c+MN4~=iH)F.ﬃ121!"$
Ψ
)-DXi)F.ﬃ'P$+12 2RU+p.4AQ;<5`
ﬁ4 !)80.ﬃ !$ )"4'ZRU+>U+')"bﬁ4>ﬀ ﬁ+$ﬃ`Y0.ﬃ' !+',9)"4'Z 2',/.ﬃ !4' .ﬃ'$ 2'&u.4)+ )+Mﬁ4';c+5`
Q$Fi#ﬁF.404'/.ﬃ61!/.ﬃ0.ﬃ121!+12 !0.ﬃ !4'yﬂh4@.ﬃ'y 2;<12 !)+ 2@;c+,$ ﬁ4>ﬀ .l7A,1!TRﬁ412RU+Fio.ﬃ'$  2>ﬀ
=+d`Yﬁ,)""ﬁ04=+dﬂv4;*.ﬃ')"ﬁ4>ﬀS.ﬃﬁ+'Z !4'Sﬁ8$5 ! 26ﬁ"$P;c+;c4A .ﬃ'$l)F.4)ﬁ1!Q)F.ﬃ12 2aAUiH"d`
=")+ V.ﬃ1212A@ﬁ4>ﬀXQ)ﬁZM
.ﬃ\9Wv4oXQ)0Zz]ﬁ")"4'$5 2 !4'+ﬁFJo
 !$F.* !#ﬁ460.ﬃ 2'qWh.4A,;<ﬁ4 !)F.ﬃ1212A]
ﬁ")"4'$Q`a4ﬁ$+)"4'ZRU+>U+')"7 2'O 2;c#ﬁ4>ﬀB )+Mﬁ4' 2ﬁ+0.ﬃ !4'.ﬃ'$.rﬁF.4ﬁ4'/.ﬃ61!-/.ﬃ0.ﬃ121!+12 !;
           
$5EﬁEﬁ8ﬃﬂ.7AQ1!FR0412RU+)"4;<1!+;c+',ﬁ"$ M 2y.PXQ)ﬁ,M[.ﬃ\+`YaAQ=ﬁ")"4'$5 2 !4'+ rﬁ"
.ﬃ1!ﬁ  )-t{  5i
&
  Qi0;7E i ;ooDXﬁﬁﬀ ﬀaJ
&
4;D6 2'"$qM 2S>ﬀ !$w.4$.ﬃ0.ﬃ !4'qﬁ")ﬁ' !I,"
 !_.ﬃ1!ﬁ ﬃn+ﬁ_.M
."Aﬁ  2;<ﬁFRU88IZ/.ﬃ12 2LAﬃﬂD8ﬁ412 !4'M 21!4 2;< !ﬁ 2'>PEﬁ8ﬃﬂ
)"4;<0.ﬃ !4'/.ﬃ13ﬁ"ﬁ4ﬁ)""FJ
Dﬁ"12 2'>cﬂv0.ﬃ;c+MN4~@ !)F.ﬃ121!"$
αΨ
)-DXJ/*.ﬃ4G ~,'TM1`
"$5>Uﬀi !)0/.ﬃﬁ+ 
_.ﬃ'$E)"4ﬁ"=4'$5 2'>/.ﬃ+  XE ﬁﬀ 
ﬁ+ﬁ"ﬁ+',ﬁ-r%ﬁ7.ﬃ12 !)F.ﬃ !4'|ﬃﬂ
.p)"4;<1!+ﬁ
αΨ
)-DXBﬁ)ﬁ+;crﬁp
&
GfGw 2'>c <  ﬂ ﬁ)0+;c"FJ
);c+ !)F.ﬃ1sﬁ"12ﬁ
ﬂh4#.4+ﬁ4'/.ﬃ !)F.ﬃ1j.ﬃ12 !)F.ﬃ !4'7.ﬃﬁ7ﬁ+4ﬁ"$nJ[XQ+RU+0.ﬃ1:ﬂ .ﬃ'$4:ﬂ )F.40"Fiﬃﬂ
.4+ﬁ4'/.ﬃ !)F.ﬃ1 2',ﬁ+ﬁ"Fis/.FRU<6="+'|&uQﬁ+' 2RU+12Ab$5 !"$Rr. )-t
&
t ﬁﬀﬁﬃ%1!ﬀiaM[Bﬂ}121.ﬃ 2ﬁ)+0.^ﬂvﬁ
Wve/.ﬃ1!)"4'b.ﬃ'$ ﬁ U]&i/.ﬃ'$E.:aAQ !)F.ﬃ1sﬁ"#)F.4ﬁ-ﬂh4#.4+ﬁ4'/.ﬃ !)F.ﬃ13)",$"Fi5
ﬂ )-Gt  ?pM 2'>J
KL'
C 13H(ﬀ2 
iM[.ﬃ'/.ﬃ12A5ﬁo
αΨ
)-DXﬂv0.ﬃ;c+MN4~Bﬂvﬁ4; o=4 2'Z-ﬃﬂ3RQ !+M ﬃﬂH 2ﬁg%'/.ﬃ1 2;p`
1!+;c+'Z0.ﬃ !4'b4'9.:/.ﬃ0.ﬃ121!+1)"4;<ﬁ+FJNt#'@&(*)+ !+',g 2;<1!+;c+'Z0.ﬃ !4'bﬃﬂk !ﬂ}0.ﬃ;c+M[4~ﬁ"I, 2ﬁ"
.O)F.ﬃﬁ&ﬂ}1f.ﬃ'/.ﬃ12A5 !oﬃﬂ[.ﬃ121k 2ﬁ7;*.ﬃ 2'bﬁﬁ+FJ7t $5 ! 26ﬁ"$b$.ﬃ0.)+ﬁﬀis)F.ﬃ/.ﬃ61!pﬃﬂ/.ﬃ'$512 2'>_ 2'
.ﬃ'9&(*)+ !+',#M[.FA@.ﬃ121no;*.ﬃ 2'94=+0.ﬃ !4'gﬁ"I, 2ﬁ"$_6ZAB
αΨ
)DXB)"Q$ﬀi;g6=o$&%'"$nJ
XQ+RU+0.ﬃ1H !ﬁﬁ"-.ﬃﬁ<.4$$5ﬁ"ﬁﬁ"$R#FM ﬁ 2;<1!+;c+'Zr1!Q)F.ﬃ130412RU+Fip$.ﬃ0.&u)ﬁ/.ﬃ'>Uﬀi.ﬃ'$
_)"4')+ !4'ﬃﬂ_)"U.ﬃﬁﬁ@)"4;<=4'+'ZﬁOﬃﬂBﬁ")"4'$5 2 !4'+ﬁFJt#1!ﬁi_>UQ,$P/.ﬃ0.ﬃ121!+1
ﬁ4=+ !"fﬃﬂ
,M 2'$<;c+,$N.ﬃ'$:ﬃﬂ
ﬁ")"4'$5 2 !4'+ﬁﬁ4=ﬀﬁ"$: 2'c)ﬁ/.ﬃﬁ+F-.ﬃﬁﬁFM'sJ
t
o+'$_ﬃﬂko)ﬁ/.ﬃﬁ+Fi',;c+ !)F.ﬃ1sﬁ"12ﬁ 2'><"0ﬁ")"4'$5 2 !4'+ﬁ7.ﬃﬁ-ﬁ"ﬁ+'Zﬁ"$_ﬂv4
.4+ﬁQ$5A,'/.ﬃ;< !).ﬃ12 !)F.ﬃ !4'FJ3
N'Z;c+ !)F.ﬃ1ﬁ"12ﬁFi4460.ﬃ 2'"$p4'p$5 ! 26ﬁ"$:;c+;c4AD)"4;<ﬁ+ﬁFi
 2'> "fKp.4*.8;c"ﬁ0.ﬃ>UB/.40 2'>|12 260.ﬃA  e4 ﬁﬀai[)"4'5%; 9.ﬃ12 !)F.ﬃ6 212 2LAqﬃﬂ-_ﬁ4=ﬀﬁ"$
;c+Q$gﬁpr)"4;<ﬁ"ﬁﬁ 261!rGH1!+#"I,/.ﬃ !4'FJ
   



ﬁ4>ﬀ4< !" !Fi3MNOM 2121.4$4:*ﬂh4121!FM 2'>b'40.ﬃ !4'sJ
&
.ﬃ 20.ﬃ1N 20.ﬃ12 !) #4;*.ﬃ'P1!+ﬁ+ﬁ
$+'4ﬁc;*.ﬃ !)"":.ﬃ'$6=41!$b1!FMN+ﬁ)F.40ﬃ4;*.ﬃ'|1!+ﬁ+ﬁD$+'4ﬁ<RU")+ﬁ4ﬁTJ*

(i, j)
)"4;<4'+',:ﬃﬂ
;*.ﬃ u
A
 !:$+'4ﬁ"$l6ZA
Ai,j
4:6ZA
A(i, j)
i[.ﬃ'$ 
i− l)"4;<4'+',cﬃﬂ#RU")+ﬁ4 v  !
$+'4ﬁ"$P6ZA
vi
46,A
v(i)
J
&
.ﬃ1212 2>ﬀ0.ﬃS1!+ﬁ+ﬁ: 2'$5 !)F.ﬃﬁB12 2'F.ﬃ:4=+0.ﬃﬁ4ﬁFJ
λi(A)
 2'$5 !)F.ﬃﬁ"p
i− @+ 2>U+',R4.ﬃ12rﬃﬂ A i σ(A) -0+gﬃﬂ3.ﬃ121s+ 2>U+'ZRﬀ.ﬃ12"#ﬃﬂ A i.ﬃ'$ %(A) o=")+0.ﬃ1n0.4$5 2gﬃﬂ A R
%(A) = max
i=1,... ,n
{|λi(A)|} .
KL'_/.ﬃ !)+1V.ﬃFi
λmax(A) = %(A), λmin(A) = min
i=1,... ,n
{|λi(A)|} .
{|7/.ﬃ121ﬁ 〈x,y〉 4 x ·y ﬁp$+'4ﬁ-7GH)+12 !$F.ﬃ'@ 2''+
ﬁQ$5)+[6=+aM["+'_aM[pRU")+ﬁ4ﬁ x .ﬃ'$
y
iM 21! ‖ · ‖ M 2121s$+'4ﬁroGH)+12 !$F.ﬃ'E'4;@J
e43.AQ;<;c+ !)H=ﬀ 2 2RUf$&%' 2ﬁf;*.ﬃ u
A
iTA,;641
κ(A)
$+'4ﬁ"f)"4'$5 2 !4':'Z;6+R
κ(A) =
λmax(A)
λmin(A)
,
W ﬀ JU]
@    
         	
M 21!7ﬂh4#.p>U+'+0.ﬃ1s;*.ﬃ u
A
D)"4'$5 2 !4'@'Z;6+ !
κ(A) = ‖|A|‖ · ‖|A−1|‖,
‖| · |‖ 6+ 2'>.:;*.ﬃ uB'4;  	oXXﬁﬁﬀaJ
e4#.D;*.ﬃ u
P
AQ;<;c+ !)r.ﬃ'$ﬀﬁ 2 2RU-$&%' 2ﬁﬀi5M[o/.ﬃ121= 2'$5 !)F.ﬃﬁ7 2'>c.:12 2>ﬀZ)ﬁ/.ﬃ'>UDﬃﬂ
'40.ﬃ !4'9o)"4'$5 2 !4'E'Z;6+-ﬃﬂkoﬁ")"4'$5 2 !4'"$9ﬁ461!+;
κ(P−1A)
.4
κ(P−1A) =
λM
λm
,
M+ﬁ
λM
.ﬃ'$
λm
.ﬃﬁoaM[<=ﬀ 2 2RUr)"4'0.ﬃ',ﬁ#)0@/.ﬃ
λm〈Px,x〉 ≤ 〈Ax,x〉 ≤ λM 〈Px,x〉, ∀x ∈ Rn.

 !g$&%' 2 !4'9ﬂv4121!TMgﬂvﬁ4; o !$+'Z 2LA
σ(P−1A) = σ(P−1/2AP−1/2)
J
ek 2'/.ﬃ1212AUi
MN@ 2'ZﬁQ$5)"@+ﬁ@9$&%' 2 !4'wﬃﬂo9.4$ﬃmﬁ.4)"+')+AS>ﬀ0.ﬃﬃﬂo_;*.ﬃ u
A
Jt'
W}'$5 2ﬁ")+ﬁ"$/]#>ﬀ0.ﬃ
G
 !.c/.ﬃ 2
(V,E)
i/M+ﬁ
V
 !.<%' 2ﬁﬁ+-ﬃﬂH4 2',ﬁ)F.ﬃ121!"$ERU+ !)""o.ﬃ'$
E
 !#.%' 2ﬁﬁ+gﬃﬂ3"$5>U"TJft#'@"$5>U
e ∈ E  !#.ﬃ'_'4ﬁ$+ﬁ"$@/.ﬃ 2 (v, w) iM+ﬁ v, w ∈ V JHt'9"$5>U
 2'$5 !)F.ﬃﬁ"o/.ﬃoRU+ !)""
v
.ﬃ'$
w
.ﬃﬁ<)"4''")+ﬁ"$nJ [A9$&%' 2 !4'sis<.4$ﬃmﬁ.4)"+')+AE>ﬀ0.ﬃ|ﬃﬂ
A
 !o.
>ﬀ0.ﬃ
G = (V,E)
iMﬀ0oRU+ !)"".ﬃﬁo 2'97 2'$&u_0+
V = {1, 2, . . . , n} .ﬃ'$BMﬀﬁD"$5>U".ﬃﬁ
$&%'"$9.4
(i, j) ∈ E  ﬂf.ﬃ'$@4'12A ﬂ Ai,j 6= 0 J
2
 

N:  
 




 
9 

   

 

:

	
  


	
ﬁﬀﬂﬃ! #"%$'&)(+* %,- .*ﬁ/0"1&325476 (8 *92;:=<; 5&>,"? A@.$;:B6 CED' #/F"G$>2="7D'/H I/AD'@A@A #/J/#6 KL 
28M;M>*&#N)6Oﬃ52'"G6 &:=/7"?&P&Q="J2B6R:Sﬃ!&8* T2L@A@.D;*U2'"1 V/H&WOD="G6 &:=/F"?&S2SWX6O:' =2>*/?YL/J"1 .ﬃ!/2'"F =2'@.$/J"1 .M8Z
[
:' \@=2;:](E6 /J"G6O:=<EDB6 /A$QB #"^4_ A .:]"^4_&`(6 a .* .:="b2'/AMB A@#"c/d&>,I"%$' 6 "? .*U2="G6 K> S/H&WXD'"e6 &:+&>,52fWg6R:' =2>*
/?YL/J"1 .ﬃ3ZﬂhI$' ij*ﬁ/J"_&:' V6R:!"%$' VM>2>*ﬁ"e6 @.D;W 2>*2L@A@A .W  .*U2'"e6 &:I"? A@.$;:B6 CED' I,^&8*j25/H ACEDL .:'@A !&>,k6 "1 .*U2'"G6 &:=/
K> A@#"1&8*ﬁ/Al7"%$L2="\6 /m2"? A@.$;:B6 CED' nD=/H A(o"1&n@A&:=/J"G*pD'@#"q2o:' %4r2;M8ML*&AN86Oﬃs2="G6 &:,-&;*5"%$' ]/H&WOD="e6 &:;l
4I6 "%$6R:A,-&;*tﬃs2="G6 &:I,1*&ﬃuM>* %K;6 &D=/F28M;M>*&#N)6Oﬃ52'"G6 &:=/=ZvhI$B6 /IW  =2L(B/0"?&T/AMB A@>6 i@T6 "? .*U2="G6 &:3ﬃ! #"%$'&w(B/=Z
hI$' P/H A@A&:'(x2=/AMB A@#"36 /s"%$' P"%*U28:=/?,^&8*tﬃ52'"G6 &:S&>,F"G$' S<6 KL .:m/?Y'/J"1 .ﬃy"1&]&:L P"G$>2="s@=2;:xQB \ﬃ!&8* 
 %zP@>6  .:'"GW Y!/H&W K> A(qQGYV23M>2>*ﬁ"e6 @.D;W 2>*6 "? .*U2'"e6 &:Tﬃ! #"%$'&w(Zkh7$B6 /F6 /{@=28WXW  A(b|)}t~AAB;;tOB;X#Zk`<;&w&w(
M>* A@A&:'(E6 "G6 &:' .*j6RﬃbM>*&>KL #/k"G$L @A&:=KL .*ﬁ<; .:'@A &>,Ł"%$' !6 "? .*U2'"e6 KL 7ﬃ5 #"G$L&)(ElB/AD=zd@>6  .:="GW Y"1&s&>KL .*@A&ﬃ5 
"%$' 3 GNL"%*U2P@A&./J"7&>,6 "1/I@A&:=/J"%*tD'@#"G6 &:S28:'(2;M8M;Wg6 @=2="G6 &:8Z3:'(; A A(l4I6 "%$'&D="!2\M>* A@A&:'(E6 "G6 &:' .*k"%$' 
6 "1 .*92="G6 KL 3ﬃ5 #"G$'&w(ﬃs2GY3 %KL .:b,-2;6OWB"?&P@A&:AKL .*ﬁ<; S6O:SM>*U2L@#"e6 @A BZ
:d"%$B6 /5@.$L28M="1 .*plﬂ6 "1 .*92="G6 KL Sﬃ! #"%$'&)(;/7,-&;*k"G$L qML2>*92;WOW  .W/H&WXD="G6 &:d&>,7W 2>*<; b/AML2>*/H qWX6O:' =2>*k/?Y'/J"? .ﬃI/
2>*U dML* #/H .:'"1 A(Z{h7$' dﬃs2B6R:3WX6O:' #/F&>,{6 "1 .*92="G6 KL ﬃ! #"%$'&w(B/72>* d* A@=28WXW  A(El2;:'(S"G$' 3ﬃs2B6R:b2=/AMB A@#"1/&>,
M>2>*U2;WOW  .WML* A@A&:L(6 "G6 &:B6R:=<q2>* d6R:="%*&)(D'@A A(Z
    	k   
 
  
k 
    
 V

KLﬁ+0.ﬃ 2RUo;c+,$#ﬁFRQ !$orﬁ412 !4'9ﬁc.p12 2'F.ﬃ#A5ﬁ+;Cﬃﬂ3aAQ
Au = f ,
W 5J ﬀT]

ﬀ  	      
  
      
	              
  	ﬀ	 

	    
M+ﬁ
A ∈ Rn×n i u .ﬃ'$ f ∈ Rn i.4[-12 2;< 2gﬃﬂ3.:ﬁ"I,+')" {um} JHA, !)F.ﬃ1s 2/.ﬃ !4'g 2'M !)0
 2ﬁ+0.ﬃ 2RU7;c+Q$
.ﬃﬁ- 2',RU412RU"$@.ﬃﬁ1V.ﬃ>U7/.ﬃﬁ0#ﬁ461!+;cFi4[6/.ﬃ'$;*.ﬃ uOﬁ461!+;cFi5M+'B
6/.ﬃ'$_ 2ﬁﬁ+1ﬂ3 !g/.ﬃﬁ0ﬀi5;*.ﬃ~, 2'>*$")"4;<=ﬀ 2 !4'b.ﬃ12>U4 2;c#$5 (*)+12#ﬁp 2;<1!+;c+',FJ
&
1V.4ﬁﬁ !)F.ﬃ1H 2ﬁ+0.ﬃ 2RU<;c+,$:.ﬃﬁp>U+'+0.ﬃ1212A|.ﬃ'/.ﬃ12AQﬁ"$b 2'ﬁ+; ﬃﬂ12 2 2'>Urﬃﬂ
p;*.ﬃ u
A
J
;- 2RU+'c.#'4'5`a 2'>ﬀ1V.ﬃ3;*.ﬃ u
P
iﬃ
12 2 2'>
A = P−N $&%'"H.ﬃ': 2ﬁ+0.ﬃ 2RU[;c+Q$<.4ﬂh4121!FMgR
0.ﬃ 2'><ﬂvﬁ4; .pﬁ+',0.ﬃ 2RUDﬁ412 !4'
u0
i)"4;<ﬁ
um+1
ﬁ412RQ 2'>c712 2'F.ﬃ-AQﬁﬁ+; 2'
P
Pum+1 = Num + f ,
W 5JU]
4Fi"I, 2R4.ﬃ1!+',12AUi
um+1 = Bum + c,
W 5JU]
M+ﬁ
B = P−1N
 !OE 2ﬁ+0.ﬃ !4'w;*.ﬃ u.ﬃ'$
c = P−1f
J
P
41!$w68.ﬃ' a 2'&u5+' 2RU 
;*.ﬃ unJoe4o&u.ﬃ;<1!ﬀi 2'bCT,.4)"46 H;c+,$ni
P
 !p$5 V.ﬃ>U4'/.ﬃ13/.ﬃoﬃﬂ
A
i=.ﬃ'$8 2'8 ;o.ﬃﬁd`
XQ+ !$+1s;c+Q$ni
P
 !o1!TMN+/.ﬃ#ﬃﬂ
A
ﬁ"-ﬂh4g 2'0.ﬃ')"  .ﬃ i
&
/.ﬃﬁ+ﬁ c.ﬃ'$ = ﬀaJ
X, 2')"
B
$Q"p'4*$++'$4'S_ 2ﬁ+0.ﬃ !4')"4'Z
m
if"ﬁ@ 2ﬁ+0.ﬃ 2RU_;c+,$.ﬃﬁ_)F.ﬃ121!"$
@?5%C$5767B:>IC
	ﬀJH
7;c+Q$W 5JU]
)"4',RU+>U"gﬂh4#.ﬃ'ZA
u0
 ﬂH.ﬃ'$_4'12AB ﬂ
ρ(B) = ρ(I − P−1A) < 1 J
)-4ﬁo/.ﬃDW 5JU]
)F.ﬃ'@6=7ﬁ+M 2ﬁ+'9 2'9.ﬃ'E"IZ 2Rﬀ.ﬃ1!+'Zﬂh4;.4
P (um+1 − um) = rm,
M+ﬁ
rm ≡ f − Aum  !# 
 <?@A698:1 C 3/ﬃﬂfr12 2'F.ﬃ7A5ﬁ+;.ﬃ- m− 9 2;cﬁ+sJg
 !1!F.4$
ﬁ)+1V.4ﬁ[ﬃﬂ g !)0/.ﬃﬁ$ﬁ4'B;c+,$ ,ﬁ"  t#u5 
=i5X5.ﬀ.?ﬃ6ji 	oXXﬁ ﬀﬂh4;c4ﬁ-$+0.ﬃ 21!FJ g !)0/.ﬃﬁ$ﬁ4'
;c+Q$#)"4'Z0.ﬃ 2'b.ﬃ121s7;*.ﬃ 2'@ﬂhF.ﬃﬁ"gﬃﬂ3;c,$+'9 2ﬁ+0.ﬃ 2RUr;c+Q$RHrﬁ)0+;cr !g)"4;<=ﬀﬁ"$
6ZAO;*.ﬃ u,`YRU")+ﬁ4ﬁQ$5)+ﬁFiQRU")+ﬁ4d`YRU")+ﬁ4gﬁQ$5)+ﬁFi.ﬃ'$RU")+ﬁ4$.ﬃﬁ"FiQ12
7ﬁ412 !4'_ﬃﬂk.
12 2'F.ﬃ#A5ﬁ+;  2'
P
i0F 
 < B:>D8:675767B >6;>  /'C$5 
A6
ﬀJ
KL'<;c,$+'*ﬁ+;cFiZ)+1V.4ﬁﬁ !)F.ﬃ1 2ﬁ+0.ﬃ 2RUg;c+Q$.ﬃﬁgﬁ+1!$4; ﬁ"$c 2'<0.4)+ !)"ﬀiZM+ﬁF.4+Ap.ﬃﬁ
ﬃﬂvﬁ+'p+;<1!TAU"$*.43ﬁ")"4'$5 2 !4'+ﬁ[ﬃﬂ.-;c4ﬁ[+dﬂh4;< 2'>o 2ﬁ+0.ﬃ 2RUﬁQ)""$5ﬁ
12 2~U
Nﬁﬃm")+ !4'
;c+Q$Fi)"FRU+ﬁ"$9 2'_7ﬂh4121!FM 2'>O0")+ !4'sJ
 ﬁﬀﬃﬂ! #"$%ﬂ&')(+*

 !$F.Dﬃﬂsﬁﬃm")+ !4'B;c+,$N !ﬁ:&u50.4)+
.ﬃ'_.ﬃﬁ"u5 2;*.ﬃﬁ7ﬁ412 !4'*ﬂvﬁ4; .oMN+121`a)0ﬀﬁ+'@65`
/.4)"-ﬃﬂ
Rn
JH
 ![ﬁ6/.4)"ﬀi50."A Vm iQM 21216=-ﬃﬂ$5 2;c+' !4' m W}>U+'+0.ﬃ1212A m n ] ,+ﬁ&ﬂh4ﬁ-
)F.ﬃ'$5 !$.ﬃﬁD0412 !4'9M 2121s6=-ﬂv4'$94g6ZAB 2;<=ﬀ 2'>
m
)"4'0.ﬃ 2'ZﬁTJNt aAQ !)F.ﬃ1M
."A@ﬃﬂH$"ﬁ)+ 26 2'>
"ﬁO)"4'0.ﬃ 2'Zﬁp !ﬁ@ 2;<=ﬀﬁ
m
W} 2'$++'$+',z]D44>U4'/.ﬃ12 2LAP)"4'$5 2 !4'TJ9KL'|>U+'+0.ﬃ1YiH>ﬀ 2RU+'
.ﬃ'P.ﬃﬁFuQ 2;*.ﬃﬁﬁ412 !4'
um
iscﬁ"ﬁ !$5/.ﬃ1
rm
 !)"4'0.ﬃ 2'"$ﬁ@6c44>U4'/.ﬃ1[ﬁ
m
12 2'F.ﬃ12A
 2'$+=+'$+'ZgRU")+ﬁ4ﬁFiQM !)0@$&%'"g.ﬃ'4+g6/.4)"ﬀi0.FA Wm i5ﬃﬂj$5 2;c+' !4' m J Wm  !
)F.ﬃ121!"$
r6ﬁ/.4)"oﬃﬂ3)"4'0.ﬃ 2',ﬁFJ
KL'9.ﬃ121n>U+'+0.ﬃ12 2aAUiMNo;*.FA$&%'.pﬁﬃmd")+ !4'9;c+,$Bﬂh4oﬁ412 !4'9ﬃﬂgW 5J ﬀT].4g.pﬁQ)""ﬁ
M !)ﬁE%'$.4-.ﬃﬁ"u5 2;*.ﬃﬁpﬁ412 !4'
um
6,AB 2;<ﬀ 2'>O#"k+ﬁFR,` ;o.ﬃ1!+~Q 2'b)"4'$5 2 !4'8/.ﬃ
um
      
  	    	        

  ﬀ	 ﬀﬀ
6=+1!4'>Uﬁ<D.^(c'rﬁ/.4)"
u0 + Vm .ﬃ'$_/.ﬃgo'+Myﬁ"ﬁ !$5/.ﬃ1RU")+ﬁ4g6=o44>U4'/.ﬃ1ﬁ Wm R{
ek 2'$
um ∈ u0 + Vm )0@/.ﬃ
f −Aum ⊥ Wm.
W 5J =,]
jE460.ﬃ 2'q._;*.ﬃ u ﬁ+ﬁ"ﬁ+'Z0.ﬃ !4'qﬃﬂgﬁ461!+;W 5J =,]&i31!+
Vm = [v1, . . . ,vm]
6.
n × m
W}ﬁF.ﬃ1 ]f;*.ﬃ ucMﬀﬁ#)"412;<'RU")+ﬁ4ﬁfﬂh4;.r6/.4 ![ﬃﬂ Vm .ﬃ'$niQ 2;< 21V.ﬃ12AUi Wm = [w1, . . . ,wm] 6
.
n ×m W}ﬁF.ﬃ1 ];*.ﬃ u8Mﬀﬁ<)"412;<'RU")+ﬁ4ﬁ7ﬂh4; .*6/.4ﬁ !oﬃﬂ Wm Jr{ 2 2'>_<.ﬃﬁ"u5 2;*.ﬃﬁ
ﬁ412 !4'E.4
um = u0 + Vmym, ym ∈ Rm, W 5J U]
r44>U4'/.ﬃ12 2LA@)"4'$5 2 !4'91!F.4$ﬁ<DAQﬁﬁ+; ﬃﬂH"I,/.ﬃ !4'
W Tm (f −Au0 −AVmym) = 0,
.ﬃ'$_+ﬁ&ﬂh4ﬁ
um = u0 + Vm
(
W TmAVm
)−1
W Tmr0.
&
1!F.ﬃ12AUiﬃ !.ﬃﬁ"u5 2;*.ﬃﬁ0412 !4'
um
 !s$&%'"$D4'12A-M+'rH;*.ﬃ u
W TmAVm
 !n'4'5`a 2'>ﬀ1V.ﬃFi
M !)ﬁsiﬂv4#.ﬃ6 20.ﬃ 212A@)0ﬀﬁ+'9/.4)"" Vm .ﬃ'$ Wm  !'4g>ﬀ/.ﬃ0.ﬃ',ﬁ""$9ﬁp6=or+RU+'@4>ﬀ A
 !['4'5`a 2'>ﬀ1V.ﬃFJfKL[)F.ﬃ'B6=ﬁFM'B/.ﬃ
W TmAVm
 !['4'5`a 2'>ﬀ1V.ﬃ[ﬂh4
.ﬃ',A*6/.4 !
ﬃﬂ
Vm
.ﬃ'$
Wm
ﬃﬂ
Wm .ﬃ'$ Vm i5ﬁ"=")+ 2RU+12AUi ! A  !ﬀﬁ 2 2RUo$&%' 2ﬁD.ﬃ'$ Wm = Vm i4 ﬂ A  !'4'5`aﬁ 2'>ﬀ1V.ﬃ-.ﬃ'$
Wm = AVm ﬁ"ﬀi5ﬂh4 2'0.ﬃ')"ﬀi  X5.ﬀ.?ﬃ6i & /.ﬃﬁ+  ﬀaJ
KL' ;cQ$+'P 2ﬁ+0.ﬃ 2RUB;c+,$Fi36/.4)"" Vm .ﬃ'$ Wm .ﬃﬁB7A,1!TR6/.4)""Fi3/.ﬃp !
6/.4)""
/.ﬃ''"$6,A*RU")+ﬁ4ﬁ
ﬃﬂﬂv4;
Pm(A)v
i5M+ﬁ
Pm(A)
 ![.=412A,'4;< V.ﬃ1nﬃﬂ$+>ﬀﬁ"
m
 2'
A
i.ﬃ'$
v
 !#.pRU")+ﬁ4FJ
r7A,1!TR_6/.4)" Vm ;*."AB6=o$&%'"$9.4
Km = Km(A; r0) = span
{
r0, Ar0, . . . , A
m−1r0
}
.

D;*.ﬃ 2'9)+1V.4ﬁﬁ"ﬃﬂH7AQ1!FR_6ﬁ/.4)"D.4)")"+1!+0.ﬃﬁ4ﬁﬂh.ﬃ121s 2',ﬁcﬁ")F.ﬃﬁ+>U4 !"Fi/$+=+'$5 2'>O4'
r)04 !)"rﬃﬂ Wm R
• ﬀﬂ <  675*C:3 < 
	 6 >CAF$F 
 BGC cW Wm = Vm ] Rj)"4')+ um ﬂh4fM !)ﬁﬁ" !$5/.ﬃ1 !44>4`
4'/.ﬃ1=ﬁ:-)+ﬁ+'Zg/.4)"ﬀJ3{+'
A
 ![ﬁA,;<;c+ !)ﬀﬁ 2 2RU-$&%' 2ﬁﬀi5 !
)04 !)"7;< 2' 2;< !ﬁ"

A
'4; ﬃﬂkr+ﬁ4
um − u Jft#'E&u.ﬃ;<1!o !# & 4'4md>Z.ﬃﬁC;-0.4$5 !+'Z<W & ;r][;c+Q$
ﬃﬂ -"ﬁ+'"#.ﬃ'$EX,ﬁ+ ﬂh+1  oXﬁ ﬀaJNXQ"D.ﬃ1!ﬁ  ; ﬂ @ ﬀnﬂv4#.ﬃ'@TRU+R, !+M ﬃﬂ
&
; ;c+Q$ 
• ﬀﬂ < /26;> 6;/21E/ 
<A@?678:1C:3JC?F$F 
 BGC_WWm = AVm ] R3 !$+'Z ﬂvA um M !)ﬁ9;< 2' 2;< !ﬁ"7ﬁ" !$Q`
/.ﬃ1j'4; ‖f −Aum‖2 JNG3u.ﬃ;<1!"-.ﬃﬁo ;7 GNX;c+Q$9ﬃﬂX5.ﬀ.4$E.ﬃ'$EXQ)0Z12\<.ﬃ'$_ 2ﬁ
"I, 2Rﬀ.ﬃ1!+'Zﬁ  XX @?iX5.ﬀ.iﬁ  
= ﬀ 
ﬀ 	      
  
      
	              
  	ﬀ	 

	    
• ﬀﬂ < *< 5 
 B  *C 3 <
  6 > CAF F 
 B C2R3%'$ um 0r/.ﬃﬁ" !$5/.ﬃ1 !44>U4'/.ﬃ1=ﬁD04;c4+
m− $5 2;c+'ﬁ !4'/.ﬃ1g/.4)"ﬀJt ﬀﬁﬁ 261!)04 !)"B ! Wm = Km(AT , r˜0) iHM+ﬁ r˜0  !<.ERU")+ﬁ4
'4'5`Yﬁ4=4 !4'/.ﬃ1oﬁ
r0
J 
 !)04 !)"8M[.4_$" 2>ﬀ'"$ﬂv4'4'5`aAQ;<;c+ !)8ﬁ461!+;cFi.ﬃ'$
;*.FA|ﬁFRQ !$B.@4d`Yﬁ+; ﬁ")+ﬁ+')"ﬁ+1V.ﬃ !4'Dﬂh4DO7A,1!TR6/.4)"*6/.4ﬁ"FJ@GHu.ﬃ;p`
1!"7.ﬃﬁ [ `
&
; ;c+,$EﬃﬂHek1!+ﬁ)0+  ek1!  ? ﬀai
&
;rX;c+Q$9ﬃﬂNXQ4''+RU+1!$  XQ4'-@ﬁﬀai
[ `
&
;rXQjt ;c+,$ ﬃﬂR4.ﬃ'P$+
f4ﬁ RQ$ﬁ  ﬀaik.ﬃ'$ 	-  ;c+Q$Pﬃﬂeﬁ+'$P.ﬃ'$
)7.4)ﬁ, 2>Z.ﬃ1 e ) ﬁﬀ ﬀai.ﬃ'$_re 	- x;c+Q$@ﬃﬂHeﬁ+'$  eﬁ ﬁﬀaJ
t-.@>U+'+0.ﬃ1N1!ﬀikMNO)F.ﬃ'Pz."Ab/.ﬃ ﬂ*;*.ﬃ u !DAQ;<;c+ !)c=ﬀ 2 2RUO$&%' 2ﬁﬀi3
&
;
;c+Q$  !p6="p)ﬁ4 !)"ﬀifM 21!ﬂh4p'4'5`aAQ;<;c+ !)Bﬁ461!+;cp/.ﬃ1212A ;7 #G[X| !:;cﬀ
0.ﬃ61!Bﬃﬂ7.ﬃ121
;c+Q$FJt'q.ﬃF.ﬃ12 2'>ﬁ4=+aAlﬃﬂ ;o GNX ﬂ#/.ﬃFif 2'q&u.4)+c.ﬃ 2;c+ !)ﬀi
;c+Q$ )F.ﬃ''4p6ﬁF.ﬃ~5$FM'c4Fi3;c4ﬁ*ﬁ")+ !0+12AUiH 2:)F.ﬃ'l4'12A|6ﬁF.ﬃ~5$FM'lM+'l 2$+12 2RU+ﬁp
&u.4)+rﬁ412 !4'sJ -FMN+RU+FiI;7 #G[XE 2o !D.ﬃ1!ﬁB<;cﬀr&u5=+' 2RU<ﬃﬂ[cﬁ"ﬁ+'Zﬁ"$;c+Q$ 2'
ﬁ+;c#ﬃﬂH;c+;c4AUJ
t ﬁ"0.ﬃﬁ"$ ;7 #G[XB)F.ﬃ'96=o+;<1!FAU"$Eﬁ<ﬁ"$5)"r;c+;c4A_ﬁ"I, 2ﬁ+;c+'ZﬁTi.ﬃ
- !)"7ﬃﬂﬀ0 2612Ac'4'5`a)"4'ZRU+>U+')"ﬃﬂ7ﬁ)ﬁ+;cﬀJ
 !
ﬁ"0.ﬃﬁ"$4;7 GNX* ![/.ﬃ1212A*)F.ﬃ121!"$
;7 #GNX=W
k
]&iM+ﬁ
k
 !pB;*.^u5 2;*.ﬃ1g$5 2;c+' !4'qﬃﬂ-_7A,1!TRP6ﬁ/.4)"ﬀJ [ `
&
;rXQjt .ﬃ'$
e 	- .ﬃﬁ@.b)"4;<ﬁ4;< !ﬁ@6+LMN"+'wﬁ0.ﬃ6 212 2aAq.ﬃ'$lﬁ"IZ 2ﬁ"$l;c+;c4AUi[M 21!__)"4',RU+>U+')"
6=+/."RQ !4#ﬃﬂ
&
;DX !'4;*.ﬃ1212ABﬁ,<+0.ﬃ !)rﬁ<670"$ﬂv4#4ﬁ461!+;cTJ
b.ﬃ'ZA 4+@;c+Q$_/."RU6="+'yﬁ4=ﬀﬁ"$  2'y12 2ﬁ+0.ﬃﬁﬀi712 2~U|e ﬂ-Pi ﬂ 3  ﬂ-8K ):iﬂ `
  ﬂ ﬂ-K Di ﬂ 3  ﬂ #GNXi8K ) #G[Xi5X ﬃs8( 	:Je/4#.ﬃ'@&uQ/.ﬃ 2RU7ﬁ"0+'Z0.ﬃ !4'@-ﬁF.4$+g !
.4$$5ﬁ"ﬁﬁ"$@ﬁ  
& + 
=i/X5.ﬀ.?ﬃ6ki-;-RﬁQi/X,R  ﬀaJ
      
    

	   3  
	k

7)"4'ZRU+>U+')"rﬃﬂj 2ﬁ+0.ﬃ 2RU7;c+,$$+=+'$4'O7=")+0.ﬃ1=ﬁ4+ !"ﬃﬂj12 2'F.ﬃgﬁAQﬁ+;
;*.ﬃ unJf
o6/.4 !)7 !$F.p !gﬁ<ﬁ+1V.4)"or4 2>ﬀ 2'/.ﬃ1ﬁAQﬁ+; W 5J ﬀT]
6ZA
P−1Au = P−1f
W}1!&ﬂvd`Yﬁ")"4'$5 2 !4' 2'>,]&i46,A
AP−1Pu = f
W} 2>ﬀZd`Yﬁ")"4'$5 2 !4' 2'>,]&i=ﬁ 2'>O.p12 2'F.ﬃ#0.ﬃ'ﬂv4;*.ﬃ !4'
P−1
i)F.ﬃ121!"$_ﬁ")"4'$5 2 !4'+Fi 2'94ﬁ$+gﬁ
 2;<ﬁFRU

=")+0.ﬃ1Qﬁ4+ !"Hﬃﬂ/[12 2'F.ﬃHA5ﬁ+; ;*.ﬃ u=JkKa':>U+'+0.ﬃ15ﬁ+;cFiZ.#ﬁ")"4'$5 2 !4'+
 !#.ﬃ',A~Q 2'$_ﬃﬂ30.ﬃ'dﬂv4;*.ﬃ !4'b.ﬃ12 !"$_ﬁ<o4 2>ﬀ 2'/.ﬃ1kAQﬁﬁ+; M !)ﬁ@;*.ﬃ~U"# 2gF.4 !+gﬁcﬁ412RUﬀJ
KL_ !_'49)+1!F.ﬃ_Mq)"4 2'"$xﬁ+; aﬁ")"4'$5 2 !4' 2'> %ﬁFJCt)")"4ﬁ$5 2'>wﬁ ;74126 .ﬃ'$
ﬂ  sF.ﬃA  ; ﬂ @ﬁﬀai4 23;*."A/."RU
6="+'<s 2'>JHKL'
/.ﬃ=+Hﬃﬂ ﬀ -6ZA .ﬃ')+\Fﬀ .ﬃ' ﬁﬀ['4 !4'
ﬃﬂ
412AQ'4;< V.ﬃ1fﬁ")"4'$5 2 !4' 2'>b !r)+1!F.ﬃ12A$&%'"$R  ﬀﬂ < B:>@ 5 
A1 .5769B:> B '5 <=6;> :<
@G<=/'C$5 
A6
6;@
< 1E6C:3<?> 5 5%B-C=3 6;>I<C
 5 
 C >@.B
?/'C$5767B:> H 6 5 
 C:>@.B
A/ @5 <:6 <?> /'C$5 
A6
!6 > 5%B-5 < 14>675/!C 5 
?6
 
ﬀﬂ <(1E>675 /!C 5 
?6
C:> ﬂ< B:> A<?6:< 8 C:@(5 < < 
$5 
 <?/=< C @.< B  C H <?3 3  B:>I8:6 5769B:>I<8 /!C 5 
?6 
 HEB:@.<
ﬀﬁﬂﬃ ﬁ"!#!#$ﬀ%&ﬂ'(#ﬃ)*+-,.+/%0+-ﬁ1ﬃ "23#4ﬁ5+-%#ﬃ(!#ﬁ1$(ﬃ"64+-ﬃ76'(18-9:ﬁ+-6'; <
       !                          ﬀ
<?6  <?>  C:3 1<A@-C
<-C:3;3 '<2H
6 3 3 C @ .B
 /21 ,3<A@@26  H <2/=<
<?3 (8 <?/!C:>I85 <=5 
 C >@.B
?/'C$5767B:> B 
5 < B
?6  6;>DC 3 @	 @?5 <?/ HEB @.< 8:6;@%F<
@?67B >(6;@/'B 8 <
 C 5 <+J 
KL'|.;c,$+'=+ﬁ=")+ 2RUﬀi=p>U+'+0.ﬃ1fﬁ461!+; ﬃﬂ%'$5 2'>E.ﬃ'&(*)+ !+',rﬁ")"4'$5 2 !4'+D !7ﬁ
 !$+'Z ﬂvA@.:12 2'F.ﬃ#4=+0.ﬃﬁ4
P
M 2@-ﬂh4121!FM 2'>Oﬁ4+ !"R
ﬀ J
P
 !g.D>U,Q$_.ﬃﬁ"u5 2;*.ﬃ !4'9ﬃﬂ
A
 !
ﬁ4;c7ﬁ+'ﬁﬀJHt124>ﬀ_'>U+'+0.ﬃ1n"4AO !g."Rﬀ.ﬃ 21V.ﬃ61!ﬀi
M[o)F.ﬃ'_0."AO/.ﬃ
P
41!$_.4)+ﬁ:/.ﬃ
P−1A
 !
'F.ﬃ
ﬁ:6+ 2'>p- !$+'Z 2LAB;*.ﬃ uB.ﬃ'$ 2ﬁ
+ 2>U+',R4.ﬃ12"7.ﬃﬁr)+12ﬁ+ﬁ"$@M 2 2'E.p5(*)+ !+'Z12A@ﬁ;*.ﬃ121nﬁ+>ﬀ !4'Eﬃﬂ3o)"4;<1!&uB1V.ﬃ' 
5J
P
 !&(*)+ !+',Fi3 2'Oﬁ+'ﬁc/.ﬃ* 2ﬁ+0.ﬃ !4'P;c+Q$)"4'ZRU+>U"p;)ﬁ ﬂh.4ﬁﬁ+Fij 2' ﬁ+;c
ﬃﬂ
&
"I<  2;cﬀiﬂh47:ﬁ")"4'$5 2 !4'"$|A5ﬁ+;@JrKL'84+oM[4ﬁ$Fi=ﬁ")"4'$5 2 !4'+ﬁr;o6
0+1!")+ﬁ"$l 2'q)ﬁ.8M
."AP/.ﬃ<_)"ﬀ<ﬃﬂ-)"4')+ 2'> .ﬃ'$lﬁ 2'>+;  !< ﬃ=ﬁ+p6,A 
 2;<ﬁTRU"$9)"4',RU+>U+')"Dﬁ4=+ !"g+A+;< 2#ﬁ*.4)ﬁ !+RU 
5J
P
4
P−1
)F.ﬃ'0.ﬃ~UB.4$5Rﬀ.ﬃ'Z0.ﬃ>UBﬃﬂ.ﬃﬁ)0 2ﬁ")+ﬁﬃﬂg;cQ$+'l+ﬁ)"4;<ﬁ+ﬁTi3/.ﬃ !Fi
)F.ﬃ'96o)"4')+ﬁ"$8.ﬃ'$@.ﬃ12 !"$@ 2'_/.ﬃ0.ﬃ121!+1k+'ZRQ 2ﬁ4';c+'ZﬁFJ
KL[ﬁ41!$O6=-ﬁ"ﬁﬁ"$/.ﬃ)"4;< 2'><# 2',RU+ﬁﬁoﬃﬂ
P
 !['4[;*.ﬃ'$.ﬃﬁ4A /.4)+/.ﬃ1212AUi5-ﬁ41!
ﬃﬂ
P
 !:ﬁ aﬁ")"4'$5 2 !4' 2'> BBﬁ"ﬁ !$5/.ﬃ1
rm
ﬁ4>ﬀSBﬁ412 !4'qﬃﬂ#_.4$$5 2 !4'/.ﬃ1#ﬁAQﬁ+;
Pzm = rm
Jf
 !A5ﬁ+;
Pzm = rm
41!$@67;)ﬁbF.4 !+gﬁcﬁ412RU7/.ﬃ'Er4 2>ﬀ 2'/.ﬃ1jﬁAQﬁ+;@J
)-4ﬁo/.ﬃ#ﬁ4;coﬁ")"+',#ﬁ")"4'$5 2 !4' 2'>ﬁ")ﬁ' !I,".ﬃ 2;Cﬁ*)"4;<ﬁ
P−1
$5 2ﬁ")+12AB 2'ﬁF.4$@ﬃﬂ
P
Wvﬁ"oﬁ")+ !4' 5J5JU]&J

E)ﬁ4 !)"bﬃﬂ
P
R4.ﬃ !"*ﬂvﬁ4; a61V.4)ﬁ~,`Y6="u E.ﬃ12>U+60.ﬃ !)Eﬁ")0' !IZ"M !)0)F.ﬃ'w69.ﬃ12 !"$wﬁ
>U+'+0.ﬃ17;*.ﬃ !)""ﬁ aﬁ461!+; $+=+'$+'Z Eﬁ")"4'$5 2 !4'+ﬁ@M !)ﬁy&uQ1!4 2B=")+ V.ﬃ1#ﬂhF.ﬃﬁ"Bﬃﬂ
./.ﬃ !)+1V.ﬃ_)+1V.4ﬁﬃﬂrﬁ461!+;cFJxt124>ﬀﬁ461!+; $+=+'$+'ZBﬁ")"4'$5 2 !4'+ﬁ_)F.ﬃ'w69RU+A
=FMN+dﬂv1Yi,+ﬁ !f 2121.o0.4)+ !)F.ﬃ1'""$<ﬂh4f&(*)+ !+'ZNﬁ")"4'$5 2 !4' 2'>ﬁ")0' !IZ"ﬂv41V.ﬃ>Ug)+1V.4ﬁﬁ"
ﬃﬂ/ﬁ461!+;cFJ 
+aM["+'<"ﬁ[aMN7&u5ﬁ+;*.5i4+ﬁ[ !k.)+1V.4ﬁ3ﬃﬂﬁ")"4'$5 2 !4'+ﬁHM !)ﬁ*.ﬃﬁ a>U+'+0.ﬃ1`
=ﬀﬁ Oﬂh4O.8/.ﬃ !)+1V.ﬃ 
l.ﬃ124>ﬀ1V.ﬃ>U 
 )+1V.40cﬃﬂoﬁ461!+;cFJ
"ﬁBﬁ")"4'$5 2 !4'+ﬁ_.ﬃﬁ
ﬁ4;c+ 2;c"O)F.ﬃ121!"$ a>ﬀﬁ+A,`Y6Fu _ﬁ")"4'$5 2 !4'+ﬁFi 2')"@_ﬁ+c/.4*ﬁ|12A ﬂv+MC 2'5ﬂh4;*.ﬃ !4'
.ﬃ6=4g7;*.ﬃ u9.ﬃ'$_oﬁ461!+;Cﬁ<6=oﬁ412RU"$nJ
)-4ﬁ:/.ﬃo.ﬃ1213<.4)")"+1!+0.ﬃﬁ4ﬁoﬁ"ﬁ+',ﬁ"$b 2'ﬁ")+ !4'5J ﬀ J ﬀﬁ"I, 2ﬁp:ﬁ")"4'$5 2 !4'+rﬁ6
)"4'0.ﬃ',.ﬃOF.4)0 2ﬁ+0.ﬃ !4'sJ ﬂ+O;c+,$*/."RU@6="+'w$+RU+1!4="$qﬁ)"4' !$+*'4'5`a)"4'0.ﬃ',
ﬁ")"4'$5 2 !4'+ﬁ76ZA@$5 ﬃn+ﬁ+'Zo.ﬃ4ﬁFJgt#u+1!ﬁﬁ4'E.ﬃ'$ .4ﬁ 21!+R5~Q  t  ﬁﬀ ﬀj/.FRUDﬁ4=ﬀﬁ"$8. ;7+'5`
+0.ﬃ12 !ﬁ"$
&
4'4m >Z.ﬃﬁ';-0.4$5 !+',pW ;7G+)
&
;r]M 2ERﬀ.ﬃ V.ﬃ61!rﬁ")"4'$5 2 !4' 2'>iX5.ﬀ.4$  X5.ﬀ.ﬁﬀk/.4#ﬁﬃ`
=ﬀﬁ"$.@0)ﬁ+;cORU+A| 2;< 21V.ﬃDﬁ ;7 GNXis)F.ﬃ121!"$Pek1!&uQ 261! ;7 GNXSWve;o GNX]&ik.ﬃ'$ .ﬃ$+
f4ﬁ.ﬃ'$ H 2~B/.FRUo612 !"$9.K;o GNX xﬁ)0+;c    
= ﬀaJ
e;o GNXB/.4#ﬁ46/.ﬃ612A@ﬁ")"+ 2RU"$9;cﬀﬁ.ﬃﬁ+'Z !4'si;*.ﬃ 2'12A_6=")F.ﬃﬁr 2 !#F.4ABﬁc 2;<1!+;c+',R
4'12A|O$.ﬃﬁ$5 2ﬁ")+ !4'l 2',;o GNXb/.4:ﬁE6*ﬁ")"4'$5 2 !4'"$niN.ﬃ'$PF.4)ﬁl$.ﬃﬁ$5 2ﬁ")+ !4'
;*."AE6:ﬁ")"4'$5 2 !4'"$|$5 ﬃn+ﬁ+'Z12AUJ:
 !7;cF.ﬃ'o/.ﬃo4'12AE4':12 2'p 2'b ;7 #GNX8.ﬃ12>U4 2;
/.4ﬁ|6=8.4$.ﬃﬁ"$nJ 
";7G)
&
; .ﬃ'$ ;7 #G[X ?.ﬃﬁ812 2>ﬀ,12Aq;c4ﬁE&u5=+' 2RU9 2'ﬁ+;cBﬃﬂ
;c+;c4Aﬁ"IZ 2ﬁ+;c+',ﬁ.ﬃ'$_)"4;<0.ﬃ !4'#TRU+F.4$@=+
 2ﬁ+0.ﬃ !4'9ﬁ+sJHKL'B&u.4)+#.ﬃ 2;c+ !)o
aM[c;c+Q$ﬁQ$5)""go0.ﬃ;c7ﬁ"12ﬁ FM[+RU+Fi;7 #GNX  ﬁ"IZ 2ﬁ"$94'12A4'o;*.ﬃ uQ`YRU")+ﬁ4
ﬀ>= 	      
  
      
	              
  	ﬀ	 

	    
ﬁQ$5)+j=+ 2ﬁ+0.ﬃ !4'FJ3KL' ;7 #G[X  ﬁ" !$5/.ﬃ15RU")+ﬁ4ﬁk.ﬃﬁNﬁ")"4'$5 2 !4'"$ni,.ﬃ'$D ﬂ !k>ﬀ 2RU"k.
ﬂv+Nﬁ"$5)+ !4'B+' ;o GNX  $,"N'46ﬁF.ﬃ~5$FM'sJN
 !>ﬀ 2RU;c4ﬁ)"4',ﬁ414';c+,$
M 2@ﬁ"=")+ﬁce;o GNXi+RU+'@ ﬂ3 !g1V.ﬃﬁ+#ﬁ)0+;co !ﬁ46/.ﬃ612A_12 2>ﬀ,12A;c4ﬁD&(*)+ !+'ZFJ
 )   +ﬀ  %ﬂ 
	  ﬁﬀ   +(+ ﬂ ! +  *
t6ﬁU.4$ )+1V.40ﬃﬂg?ﬃn")+ 2RU*ﬁ")"4'$5 2 !4'+ﬁp !D6/.4ﬁ"$4'  2')"4;<1!+ﬁ*ﬂY.4)+ﬁ4 !0.ﬃ !4'lﬃﬂc12 2'F.ﬃ
A5ﬁ+; ;*.ﬃ u  9R5$ﬁ Qi=X5.ﬀ.?ﬃ6 ﬀai=.ﬃ'$E 27 !#ﬁ/.ﬃ1212A9 2'$5 !)F.ﬃﬁ"$.47K +<:J
:K +<#`YaAQﬁ")"4'5`
$5 2 !4' 2'>cﬁ")0' !IZ"12 !76+LMN"+'8$5 2ﬁ")+.ﬃ'$B 2ﬁ+0.ﬃ 2RUo;c+Q$.ﬃ'$BﬁFRQ !$D.:6/.ﬃ1V.ﬃ')"D6+LMN"+'
ﬁ+12 V.ﬃ6 212 2aA9.ﬃ'$@'Z;c+ !)F.ﬃ1j&(*)+ !+')+AUJ

oﬁ")"4'$5 2 !4'+- !>ﬀ 2RU+'@ 2'97ﬂh.4)+ﬁ4ﬁ"$_ﬂv4;
P = L˜U˜
i5M 2
L˜
.ﬃ'$
U˜
6=+ 2'>c1!FM[+-.ﬃ'$
=+g V.ﬃ'>ﬀ1V.ﬃ#;*.ﬃ !)""FJ[XQ412R, 2'>cM 2
P
 2'ZRU412RU"gLMN* V.ﬃ'>ﬀ1V.ﬃﬁ412 !4'FJ

D 2')"4;<1!+ﬁ +< ﬂY.4)+ﬁ4 !0.ﬃ !4'Eﬃﬂ.p;*.ﬃ u
A
)F.ﬃ'96=o$"ﬁ)+ 26="$E.4gﬂv4121!TMgFJ s+
A0 = A
J

+'si5ﬂh4
k = 2, . . . , n
i5MNo/.FRU
Ak−1 =
(
Bk Fk
Ek Ck
)
.

ZTiMNr)F.ﬃ'9M 2ﬁo
k− ﬁ+@ﬃﬂ3C;o.ﬃﬁﬁ V.ﬃ'@+12 2;< 2'/.ﬃ !4'9 2'9.p61!Q)ﬁ~Oﬂv4; .4
Ak−1 =
(
I 0
EkB
−1
k I
) (
Bk Fk
0 Ak
)
,
M+ﬁ
Ak = Ck−EkB−1k Fk
JjKaﬂ
Bk
 !k.ﬁ)F.ﬃ1V.ﬃFi4+':MNN/."RU[LA, !)F.ﬃ15=4 2'Zd`YM !ﬁNﬂY.4)+ﬁ4 !0.ﬃ !4'si
4+M !ﬁ:MN/."RU<.*61!,)0~_ﬂY.4)+ﬁ4 !0.ﬃ !4'sJﬀ"H 2RU4 2'>i= ﬂ 2# !-'")""ﬁz.ﬃAUi)F.ﬃ'86=:.4)")"4;<12 !"$86,A
ﬁ"4ﬁ$+ 2'>
Ak
.ﬃg+RU+ABﬁﬁ+sJ
j;*.ﬃ~U9_ﬂY.4)+ﬁ4 !0.ﬃ !4'w 2')"4;<1!+ﬁﬀi#+'Z !"_.4*$5ﬁ4="$ 2'
Ak
i[ YJ ﬀJ _ﬂY.4)+ﬁ4 !0.ﬃ !4'
ﬁQ)"""$gM 2
A˜k = Ak −Rk
M+ﬁ
Rk
 !o;*.ﬃ u_ﬃﬂ3$5ﬁ4="$@+'Z !"TJ
ﬂ-ﬁ4 2'>)F.ﬃ'*6=+dﬂh4;c"$c6ZAp=ﬀ 2 !4'siﬀﬂh4&u.ﬃ;<1!ﬀiZ$5ﬁ4 2'>ﬀﬁ#+', !"f 2'c#$.ﬃﬁ
;*.ﬃ u
EkB
−1
k Fk
/.ﬃ7.ﬃﬁ:'47 2'8/.ﬃﬁ+'ﬃﬂ
Ck
J7
 !7 2;<1!pK +< ﬂh.4)+ﬁ4 !0.ﬃ !4'b !-~Q'FM'
.47K (<:W U]&J7t124>ﬀb?ﬃn")+ 2RUﬀi= 2'bﬁ4;c)F.40"p.4)")+0.4)+AEﬃﬂN:K +<pW U];*.FA96=r 2'5(*)+ !+',
ﬁrAQ !+1!$O.ﬃ'B.4$"IZ/.ﬃﬁ0.ﬃﬁ#ﬃﬂ)"4',RU+>U+')"ﬀJ84ﬁ.4)")+0.ﬃﬁ#ﬂh.4)+ﬁ4 !z.ﬃ !4'NM 2121$5 ﬃ=+ﬂ}ﬁ4;K (<:W U]
6ZA.ﬃ121!FM 2'><ﬁ4;c3;3  6 >/Jk
#ﬁ"ﬁ12 2'>p)+1V.40Nﬃﬂs;c+Q$[ !N)F.ﬃ121!"$BK +<:W
f
]&iZM+ﬁ
f
 !N#1!+RU+1`
ﬃﬂ}`h%121YJNt 1!+RU+1`aﬃﬂ}`h%121 !.ﬃ 26ﬁ"$9ﬁ*F.4)0E+1!+;c+'Z-/.ﬃg !#ﬁ,)""ﬁ0"$_6ZA ;o.ﬃﬁﬁ V.ﬃ'9+12 2;< 2'/.ﬃ !4'si
.ﬃ'$$5ﬁ4 2'>M 21216#6/.4ﬁ"$*4'1!+RU+1`aﬃﬂ `h%121YJH
1!+RU+1`aﬃﬂ `h%121=41!$O6# 2'$5 !)F.ﬃ 2RU7ﬃﬂs# 2\F
ﬃﬂ:+1!+;c+'ZR#D 2>ﬀ+71!+RU+1`aﬃﬂ `h%121Yi=:;*.ﬃ121!+7+1!+;c+',ﬁFJ7t  2;<1!;c,$+13)F.ﬃ'b6
+;<1!FAU"$9ﬁ7md ﬂ}AOﬁc?ﬃn")+ 2RU+'"ﬁgﬃﬂ3 !.ﬃﬁU.4)ﬁE !g$+0.ﬃ 21!"$_ 2'  X5.ﬀ.?ﬃ6ji/XQ")+ !4' ﬀ 5J5J ﬀaJ
t12ﬁ+'/.ﬃ 2RU$5ﬁ4 2'>ﬁ")ﬁ' !I,"7)F.ﬃ'96=o6/.4ﬁ"$E4'9r',;c+ !)F.ﬃ1H 2\FrﬃﬂHD+1!+;c+',-ﬁ*6
$5 !ﬁ)F.ﬃﬁ$"$nJ );c+ !)F.ﬃ1Q$5ﬁ4 2'>o0.ﬃﬁ+>ﬀ !"k>U+'+0.ﬃ1212ADAQ !+1!$;c4ﬁ[.4)")+0.ﬃﬁNﬂY.4)+ﬁ4 !0.ﬃ !4'kM 2
       !                          ﬀ 
0.ﬃ;c-.ﬃ;c4'Z
ﬃﬂn%121`Y 2'*/.ﬃ'1!+RU+1`aﬃﬂ `h%121;c+,$TJk
>U+'+0.ﬃ1ﬁ0.ﬃﬁ+>ﬀA< !ﬁ)"4;<ﬁ-.ﬃ'+'Z 2ﬁ
ﬁFM ﬃﬂk
L˜
.ﬃ'$
U˜
;*.ﬃ !)""Ti.ﬃ'$_+'@~U"+E4'12Ar6 2>ﬀ>U"#+'Z !" 2'9.<)"+0.ﬃ 2'E'Z;D6=+FJ[Ka'
 !NM[."AUi5-.ﬃ;c4'Zﬃﬂn%121`Y 2' !N)"4',ﬁ4121!"$FM[+RU+Fi5)+ﬁ-ﬃﬂsgﬁ"ﬁ12 2'>:;*.ﬃ !)""[ !
'$&%'"$nJH
"ﬁ
ﬂY.4)+ﬁ4 !0.ﬃ !4'[.ﬃﬁ/.ﬃ1212Apﬁ&ﬂv+ﬁ"$cﬁD.4fK +<oi,.ﬃ'$c.7R4.ﬃ V.ﬃ',M !)0c+dﬂh4;c
 2RU4 2'>* !)F.ﬃ121!"$EK (<"kJ
b.ﬃ'ZA4+rRﬀ.ﬃ V.ﬃ'ZﬁD/."RUc6="+'|ﬁ"ﬁ+',ﬁ"$| 2'|12 2ﬁ+0.ﬃﬁ 3ﬁ"<ﬂv4o 2'0.ﬃ')"  tgu 
=/iX5.ﬀ.?ﬃ6i
&
R  ﬀaJ .ﬃﬁ"E$+RU+1!4;c+'Zﬁb)"4')"+'x;D12 21!+RU+1:;c+Q$Fi712 2~U|K +<  X5.ﬀ.?ﬀ.ﬁﬀ4 [K +<-
 X  ﬁﬀaij4DtbX  XXﬁ ﬀaJ*
"ﬁ*.ﬃﬁU.4)0":AEﬁ@)"4;6 2'* a>U+'+0.ﬃ1`Yﬀﬁ O.ﬃﬁU.4)0
ﬃﬂK +<#`YaAQ=<ﬁ")"4'$5 2 !4'+ﬁ:M 2|c=+ !4D)"4'ZRU+>U+')"O0.ﬃﬁcﬃﬂ;D12 21!+RU+1N;c+,$Tik.ﬃ'$ni
 2'8/.ﬃ !)+1V.ﬃFinﬃﬂ-Wh.ﬃ12>U+60.ﬃ !)T];D12 2>ﬀ !$8;c+Q$cWvﬁ"0")+ !4' 5J5JU]&i= 2'>Bﬁ4;c !$F.<ﬂvﬁ4; ﬂ ﬂ
;c+Q$FJ

ﬀ2813% ﬂ	
@  B
 B:/0FD3< 5 <  CG5%B
A6;@ C$5767B:>@
    /=< 5EBG8 @8 < F< >D8 B:>!5 < B
 8 < 
 6 >'H 6#5 <
C
?69C ﬂ?3<A@C
 <*< 3 6 /26;>DC$5 < 8  ﬀﬂ41 @
 5 <*B
 84<
A6 >  B  Cﬀ/!C 5 
?6 
+FI3C @ C >'6;/0F B
 5%C:> 5 
 B:3< 6 >'84< 5 <
?/ 6 >6 > 
5 <  1C:3 6 5  B 5 <    F 
 < B:>D8:675769B:>I<
  A>C:> < 
 5 < >@A6 <@?5718 6;@ 
 < FB
?5 <8
-C:35EB:1 
3 6;/2675 < 8 5%B @  /2/=< 5 
?6 =/!C 5 
?6 <?@   A>ﬀﬂﬁﬃ  "!#!$!5<-C 1E5EB
@ .B:1E>D8(>14/=<
?6C:3 3  5EC 5 5< 
< < 
@G<
%
1 5 6;3 3 &  2<<   
%
 ﬃ2C  69<  < 8 5 < ﬂ<A@ 5 
 <A@?1435 @ .B
 5 < /'C$' B
?675 =B  5 < 5 <A@?5 C @G<A@ ( :<?>,H <?>
 
%
 H+C @ >DB$5 5<'BAFI576 /!C:3)
 675+@ 576;3 3  C <  BGBG8 
<A@?1435 @
*5EC 5 6;@
 @A6 /26;3 C
 
<A@?1435 @25%B 5 B @.< F 
 BG6784< 8
ﬂ  5 < ﬂ<A@?5 
< B
 8 <
?6;>  
 )  ﬁﬀ ! (+ ﬂ ! 'ﬁ *    (+*+ﬀ (-,/.   ﬂ  #0 ﬂ1!  )ﬀ ﬁ(2*'*
KLﬁ+0.ﬃ 2RUc;c+Q$D)F.ﬃ'|6=pﬁ"$ﬁ@)"4'ﬁ)+Dﬁ")"4'$5 2 !4'+ﬁFJ
 !r !"")+ V.ﬃ1212A8<ﬂh4r0.^`
 !4'/.ﬃA:;c+,$fﬃﬂnﬁ")+ !4'K5J ﬀ Jk{++H"ﬁ
;c+,$N.ﬃﬁ
ﬁ"$p 2'c)"4'4m ')+ !4'*M 2*.77A,1!TR
.4)")"+1!+0.ﬃﬁ4Fi+A_)F.ﬃ'@?ﬃn")+ 2RU+12AB 2;<ﬁFRUr+ 2)"4'ZRU+>U+')"0.ﬃ !J
s+:D)"4'ﬁ !$+Fikﬂv4:&u.ﬃ;<1!ﬀikOﬁ*ﬃﬂOﬁ")"4'$5 2 !4'"$
&
;C;c+Q$ﬁ8.4)")"+1!+0.ﬃﬁ.
12 2'F.ﬃg 2ﬁ+0.ﬃ 2RUﬁ412RU+ 2'@7ﬂh4;
um+1 = P
−1Num + P
−1f
M 2
P
AQ;<;c+ !)D.ﬃ'$@$&%' 2ﬁﬀJ
 !gﬁQ)""ﬁg)"4'ZRU+>U"#ﬁFRQ !$"$@/.ﬃ
‖P−1N‖A = ‖I − P−1A‖A = q < 1.
[A:ﬁ 2;<1!g)"4;<0.ﬃ !4'FiQ 2H !f=ﬀﬁ 261!
ﬁrﬁFMq/.ﬃf#)"4'$5 2 !4'*'Z;6+
ﬃﬂ=;*.ﬃ u
P−1A
)F.ﬃ'@6=764'$"$@6ZA
κ(P−1A) ≤ 1 + q
1− q .

+ﬁ&ﬂh4ﬁﬀif_.ﬃ12 !)F.ﬃ !4'ﬃﬂ#ﬁ")"4'$5 2 !4'"$
&
;;c+Q$PM 2Sﬁ")"4'$5 2 !4'+
P−1
A, !+1!$<.
=+ !4#)"4'ZRU+>U+')"rﬂh.4)+ﬁ4Fi.4
√
κ(P−1A)− 1√
κ(P−1A) + 1
≤
√
1+q
1−q − 1√
1+q
1−q + 1
≤ 1−
√
1− q2
q
≤ q ∀q ∈ (0, 1).
ﬀ? 	      
  
      
	              
  	ﬀ	 

	    

+ﬁ&ﬂh4ﬁﬀi5ﬂv4g.>ﬀ 2RU+'@12 2 2'>
A = P −N iQ & ; ;c+,$ni5M 2 P .4g.ﬁ")"4'$5 2 !4'+Fi)F.ﬃ'
6=7ﬁ"$Bﬁc?ﬃn")+ 2RU+12A_.4)")"+1!+0.ﬃﬁW 5JU]&J
  	   	   3 
	k 

-+ﬁ#M[6 ! AO$5 !ﬁ)+ﬁN;*.ﬃ 2'B)+1V.4ﬁﬁ"
ﬃﬂs/.ﬃ0.ﬃ121!+1=ﬁ")"4'$5 2 !4'+ﬁﬁ4=ﬀﬁ"$O 2'O-12 2ﬁ+0.ﬃﬁﬀJ
{|o0.ﬃM 2_=412A,'4;< V.ﬃ1ﬁ")"4'$5 2 !4'+ﬁg 2'@ﬁ")+ !4' 5J5J ﬀ 5+'siMN76 ! AB412 2'r/.ﬃﬁﬁr.ﬃ5`
ﬁ"u5 2;*.ﬃﬁ 2',RU+ﬁﬁ"#WYXE"tK]jﬁ")"4'$5 2 !4'+ﬁf 2'cﬁ")+ !4'K5J5J5iU;D12 2>ﬀ !$<;c+Q$H 2'cﬁ")+ !4' 5J5J5J
ﬂﬀﬂ ﬁ")"4'$5 2 !4'+ﬁFikM !)ﬁS.ﬃﬁ<<;*.ﬃ 2'P65md")+ﬃﬂ
 !r" !FijM 2121f6*)"FRU+ﬁ"$  2'$+0.ﬃ 21!r 2'
)ﬁ/.ﬃﬁ+ 5J
 )  &.' ' &0   ﬁﬀ   +(+ ﬂ ! +  *
t %ﬁﬁ7)+1V.40-ﬃﬂoW}/.ﬃ0.ﬃ121!+1 ]ﬁ")"4'$5 2 !4'+ﬁD !-6/.4ﬁ"$b4'=412A,'4;< V.ﬃ13ﬁ")"4'$5 2 !4'+ﬁFJp
p;*.ﬃ 2'
;c4 2Rﬀ.ﬃ !4'Eﬂh4)"4'ﬁ !$+ 2'>=412AQ'4;< V.ﬃ1! 2'
A
 !#/.ﬃ-;*.ﬃ u,`YRU")+ﬁ47ﬁQ$5)+ !-ﬃﬂ}ﬁ+'8;c4ﬁ
/.ﬃ0.ﬃ121!+12 !0.ﬃ61!/.ﬃ' 4+@/.ﬃﬁ@ﬃﬂp|ﬁ412RU+_12 2~Uﬀi-ﬂh4_ 2'0.ﬃ')"ﬀi7bRU")+ﬁ4d`YRU")+ﬁ49ﬁQ$5)+FJ
-+')"ﬀi[.8ﬁ")"4'$5 2 !4'+M !)ﬁw;*.ﬃ~U"<ﬁ_ﬃﬂ7;*.ﬃ u,`YRU")+ﬁ4Oﬁ,$5)+*4'12AyW}12c1!Q)F.ﬃ1RU")+ﬁ4
=$.ﬃﬁT]-41!$86p&u5")+ﬁ"$8ﬁB/."RUp 2',ﬁ+ﬁ" 2'>_/.ﬃ0.ﬃ121!+1fﬁ4=+ !"FJD
:;*.ﬃ 2'ﬁ461!+;  !7ﬁ
%'$S?ﬃn")+ 2RUB1!FM $+>ﬀﬁ"B=412A,'4;< V.ﬃ1!
Pk(A)
i[ﬁ8/.ﬃ<B 2ﬁ+0.ﬃ 2RU@ﬁ412RU+<)F.ﬃ'S6=_.ﬃ12 !"$Sﬁ
Pk(A)Au = Pk(A)f
J
ﬂ'|.ﬃﬁU.4)0yﬂv4_460.ﬃ 2' 2'>S=412A,'4;< V.ﬃ1oﬁ")"4'$5 2 !4'+9 !Bﬁ 0E1!TM 4ﬁ$+_ﬁ+;c_ﬃﬂp.
)-+;*.ﬃ''E&u5/.ﬃ' !4'Eﬃﬂ
(I −B)−1 i ﬂ A )F.ﬃ'E6rM 2ﬁ+'b.4 A = I −B W}M 2 ρ(B) < 1 ]&J
84ﬁ
>U+'+0.ﬃ1-412AQ'4;< V.ﬃ1ﬁ")"4'$5 2 !4'+ﬁB/.FRU.ﬃ1!ﬁ|6="+'ﬁ4=ﬀﬁ"$ni#.ﬃ'$+A.ﬃﬁ9/.ﬃ1212Aqﬁ ﬂ}ﬁ"$
&
+6ZA5+RE412AQ'4;< V.ﬃ1!oFRU+o 2',ﬁ+R4.ﬃ1!7/.ﬃr.ﬃﬁp" 2;*.ﬃﬁ"$Eﬂ}ﬁ4;?: 2ﬁ+0.ﬃ !4'b/.ﬃ0.ﬃ;c+ﬁ+ﬁrﬃﬂ[.
ﬂh+Mxﬁ+gﬃﬂ3o'ﬁ")"4'$5 2 !4'"$E0412RU+Fi4
ﬂ}ﬁ4;4+#=")+0.ﬃ1n 2'5ﬂv4;*.ﬃ !4'sJ
 )   +0  *  )  0ﬂ    /1!  *  ﬀ ! +( ﬂ ! +  *	 
  
.ﬃ+*/.ﬃ'w)"4')+ 2'>S.ﬃ'w.ﬃﬁ"u5 2;*.ﬃ !4'
P
ﬃﬂ
A
i.ﬃ'.ﬃ12ﬁ+'/.ﬃ 2RUE !<ﬁ6 21!$
M = P−1
M !)ﬁ8.ﬃﬁ"u5 2;*.ﬃﬁ"
A−1
$5 2ﬁ")+12AUJH{+'
M
 !#.FR4.ﬃ 21V.ﬃ61!ﬀi'< 2'ZRU+ﬁ !4'E4#ﬁ412RUo4=+0.ﬃ !4'gM 2121
6=oﬁ"IZ 2ﬁ"$E4'@rﬁ")"4'$5 2 !4' 2'>B0.ﬃ>UﬀJ "Hﬁ")"4'$5 2 !4'+ﬁ-6/.4ﬁ"$E4'@ !gﬁ")0' !IZp.ﬃﬁr)F.ﬃ121!"$
L&u512 !)+ 2 7ﬁ")"4'$5 2 !4'+ﬁTiM 21!oﬀﬁr6/.4ﬁ"$_4'@7ﬂh4;c+#.ﬃﬁr)F.ﬃ121!"$ a 2;<12 !)+ 2FJ 
jc.ﬃﬁ"u5 2;*.ﬃﬁ
A−1
 !.$5 (*)+120.4ﬁ~* 2')"- ![;*.ﬃ uO !
 2'>U+'+0.ﬃ1s$+'ﬁﬀi.ﬃ'$O;c4ﬁ"TRU+
:)"4')+ !4'41!$86$4' 2'8/.ﬃ0.ﬃ121!+1YJ ﬂ'D=ﬀﬁ 261!M[.FA@ﬁ4+0.ﬃﬁ: !ﬁ*;< 2' 2;< !ﬁ:
eﬁ46=+' 2o'4; ﬃﬂpﬁ" !$5/.ﬃ1H;*.ﬃ u ||I − AM ||F Jrt'8 2;<=40.ﬃ'ZrﬂvF.ﬃﬁpﬃﬂN !o465m")+ 2RU
ﬂv')+ !4'E !#/.ﬃ 2-)F.ﬃ'E6=r$")"41!"$.4#;ﬃﬂ0IZ/.ﬃﬁ"ﬃﬂf ^`Y'4;?ﬃﬂH
n
 2'$5 2RQ !$5/.ﬃ1
)"412;<'+R
||I −AM ||2F =
n∑
j=1
||ej −Amj||22,
W 5J?U]
 2'rM !)0
ej
.ﬃ'$
mj
.ﬃﬁH
j− )"412;<':ﬃﬂQ !$+'Z 2LAo;*.ﬃ u I .ﬃ'$Dﬃﬂ5;*.ﬃ u M i^ﬁ"=")+ 2RU+12AUJ
-+')"ﬀi[4'9)F.ﬃ'q;< 2' 2;< !ﬁ__ 2'$5 2RQ !$5/.ﬃ1gﬂv')+ !4' ||ej − Amj ||22
Jq
 !O.ﬃﬁU.4)0w/.4c6"+'
       	        
        
  	 ﬀ 
ﬁ4=ﬀﬁ"$6ZA ;-ﬁ4ﬁ.ﬃ'$  )ﬁ~Q1!  ;   ﬀaJ ﬂ#ﬂ)"4ﬁ0ﬀigb&u.4)+B 2',RU+ﬁﬁ8M 2121-6=9ﬂv4'$ ﬂD'
ﬁ" !)+ !4'b !-1V.4)""$b4'
M
J </.ﬃ1212AUin.O/.ﬃﬁ 2LA9/.ﬃﬁ+'qW}/.ﬃ7 !Fiﬁ+oﬃﬂf'4'5`Y\F+ﬁB 2'$&u"z]
ﬂh4
M
 !Nﬁ"0)+ 26"$|Wv44+g$5ﬁ4 2'>c0.ﬃﬁ+>ﬀ !"#.4[ 2'_K +<xﬁ")"4'$5 2 !4'+ﬁz]&i4
;< 2' 2;< !0.ﬃ !4'
 !
=+dﬂv4;c"$B 2'>*.ﬃ'B 2ﬁ+0.ﬃ 2RUo;c+Q$B12 2~U ;7 #GNXiQ 2;<1!+;c+',ﬁ"$@M 2@/.ﬃﬁﬁ7;*.ﬃ uQ`YRU")+ﬁ4
.ﬃ'$@/.ﬃﬁ07RU")+ﬁ4d`YRU")+ﬁ44=+0.ﬃﬁ4ﬁFJ
t '40.ﬃ61!7$5 !0.4$5Rﬀ.ﬃ'Z0.ﬃ>U7ﬃﬂ !
.ﬃﬁU.4)ﬁ_ !N/.ﬃN 2[ !
$5 (*)+12Nﬁp.4ﬁﬁ"0 2'_.4$5R4.ﬃ')"M++
4:'4Oﬁ"12 2'>8;*.ﬃ uM 2121N6=c'4'5`aﬁ 2'>ﬀ1V.ﬃFJ8t'P.ﬃ12ﬁ+'/.ﬃ 2RUB !ﬁ8ﬁ"+~._LMNﬃ`a !$"$q.ﬃ5`
ﬁ"u5 2;*.ﬃ !4'si YJ ﬀJf./.ﬃ 2ﬃﬂ
L
.ﬃ'$
U
ﬁ"=")+ 2RU+12A*1!FM[+g V.ﬃ'>ﬀ1V.ﬃ#.ﬃ'$+
 V.ﬃ'>ﬀ1V.ﬃFiM !)0
.ﬃﬁ+;<#ﬁp;< 2' 2;< !0or465m")+ 2RU7ﬂ}')+ !4'
‖I − LAU‖2F .
;741!$@.ﬃ'$@XQ)"4  ;rXﬁ@ ﬀn 2'$5 !)F.ﬃﬁ7/.ﬃrXE"tKNﬁ")"4'$5 2 !4'+g;*."AO6o.>UQ,$_.ﬃ12ﬁ+'/.ﬃ 2RU
ﬁ9K +<:in6D 2 !r;c4ﬁO&uQ=+' 2RUcﬁE)"4;<ﬁ*6=4| 2' ﬁ+;cﬃﬂ 2;cO.ﬃ'$ ﬁ40.ﬃ>UﬀiH.ﬃD1!F.4 ﬂ
)"4;<ﬁ"$ﬁ"IZ+', V.ﬃ1212AUJf
ZTiZ#ﬁ#ﬃﬂkXE"tK3ﬁ")"4'$5 2 !4'+)F.ﬃ'O6ﬃﬂ= 2',ﬁ+ﬁ"[M+'Oﬁ"$<ﬂv4
ﬁ+RU+0.ﬃ1s 2>ﬀ,d`Y/.ﬃ'$9 !$"TJ
&ﬂv+ﬁ+')""D.ﬃ6=4XE"tK;c+,$D)F.ﬃ'6ﬂh4'$b 2'  [8?i 
@i  /.@i
&
ﬁﬀaJpe4D.
)"4;</.ﬃ0.ﬃ 2RUDﬁ$5Aﬃﬂ3R4.ﬃ !47XE"t-KNﬁ")"4'$5 2 !4'+ﬁM[oﬁ&ﬂh+ﬁ  
ﬁﬀaJ
 )  " *  ﬂ  (#" %ﬂ&')(*
tRU+Ap 2;<40.ﬃ',[)+1V.4ﬁNﬃﬂn;c+,$Fi,;*.ﬃ 2'12A<$+RU+1!4"$$5 2'>D/@  FiU !g)+1V.4ﬁNﬃﬂ=;12 2>ﬀ !$
;c+Q$Wv";r]
.4gﬁ412 !4'@;c+Q$DW ﬂh4g6=4_12 2'F.ﬃ.ﬃ'$_'4'5`Y12 2'F.ﬃﬁAQﬁ+;c&]&J
E12 2>ﬀ !$b;c+,$rﬁ"IZ 2ﬁpp4=+0.ﬃﬁ4oﬁO6=p$&%'"$|4'|.ﬁ"IZ+')"<ﬃﬂ
)"U.ﬃﬁﬁ+o>ﬀ !$Fis.ﬃ'
 2ﬁ+0.ﬃ 2RUB;c+Q$l/.ﬃc+RU412RU"p_ﬁ412 !4'xWv)F.ﬃ121!"$q.b;c,4+z]:.ﬃ'$l 2',ﬁ+41V.ﬃ !4'4=+0.ﬃﬁ4ﬁ
/.ﬃ70.ﬃ'dﬂh+ 2'5ﬂh4;*.ﬃ !4'6+LMN"+'>ﬀ !$FJo
: 2')+ 21!:6+ 2'$8p.ﬃ12>U4 2;  !/.ﬃ7
 2>ﬀ5`hﬂvﬁ"IZ+')+A|+ﬁ4ﬁ:)F.ﬃ'6=c&(*)+ !+'Z12A|0412RU"$4'<%'c>ﬀ !$nikM 21!c<1!TM
`hﬂ}ﬁ"I,+')+A .ﬃﬁ
ﬁF.ﬃﬁ"$b4'E:)"U.ﬃﬁﬁ+o4'ﬀiM+ﬁ:+ﬁrﬂvﬁ"IZ+')+ !"7;*.ﬃ' ﬂh"-+;cﬁ+12RU"o.4- 2>ﬀ5`hﬂ}ﬁ"I,+')+ !"FJ
;7"4;c+ !)p;12 2>ﬀ !$W ;7";r]#;c+,$o)F.ﬃ''4o6=:.ﬃ12 !"$bM 24op&u5 !ﬁ+')"<ﬃﬂ[.ﬃ'b'$+d`
12AQ 2'><>ﬀ !$|W} ! !
+ 2;*.^md412 2;< 20.ﬃ !4']&JN
 !1!"$Bﬁpo$+RU+1!4;c+'Z-ﬃﬂ3.ﬃ12>U+60.ﬃ !)o;12 2>ﬀ !$
;c+Q$ Wvt";r]&ik 2' 2 V.ﬃﬁ"$q6,A #>U@.ﬃ'$X,6+'  -X @ ﬀaJlKa'qt-";pik64S_;*.ﬃ ul !+0.ﬃd`
)ﬁ,AE.ﬃ'$@Dﬁ41!4'>Z.ﬃ !4'4+0.ﬃﬁ4ﬁ7.ﬃﬁD)"4')+ﬁ"$Omdﬂvﬁ4;  ﬃ'"0g;*.ﬃ unJ#X, 2')"D
.ﬃﬁ4;*.ﬃ !):>U+'+0.ﬃ !4'|ﬃﬂN.c>ﬀ !$Q`Y !+0.ﬃﬁ)0ZA8ﬂh4 ;7";.ﬃ'$E"=")+ V.ﬃ1212A@ﬁ4+o.4ﬁﬁ+;612A9ﬃﬂ[.ﬃ121
)"4;<=4'+'Zﬁ[MN41!$O6.oRU+A<$5 (*)+12N0.4ﬁ~ﬂh4f')+ﬁ"$ﬁ461!+;cFi,.ﬃﬁ4;*.ﬃ !)7.ﬃ12>U+60.ﬃ !)
)"4')+ !4'8ﬃﬂH.:RQ 2/.ﬃ1s>ﬀ !$_ !#.:6 2>.4$5R4.ﬃ',0.ﬃ>UﬀJ
84ﬁ<ﬁ")"+'Z12AUi3.Rﬀ.ﬃ V.ﬃ'ZD)F.ﬃ121!"$ t";7:/.4o6="+'|ﬁ4ﬀ0"$b 2'  
&
e + ﬁﬀaJ<t-";7c.4ﬁ;c"
/.ﬃkN+1!+;c+',k;*.ﬃ !)""k !3."Rﬀ.ﬃ 21V.ﬃ61!ﬀiZ.ﬃ'$+':$+ﬁ+;< 2'"k1!Q)F.ﬃ1,ﬁ+ﬁ"ﬁ+',0.ﬃ !4'HﬃﬂNﬁ;c,4
+ﬁ4#)"4;<=4'+'ZﬁM !)ﬁ@ﬁTR, !$D76/.4 !
ﬂh4#)"4')+ 2'>*?ﬃn")+ 2RUo 2',ﬁ+41V.ﬃ !4'b4+0.ﬃﬁ4ﬁTJ

_12 2ﬁ+0.ﬃﬁE.ﬃ64<;12 2>ﬀ !$q;c+Q$< !*.4ﬁ4' ! 2'>Jl{|Bﬁ&ﬂh+<_ﬁF.4$+<ﬁ [0.ﬃ'$5
 [0.@?ﬁﬀai-{|"ﬁﬁ+12 2'>  {|" ﬁﬀair.ﬃ'$ 7.4)ﬁ~Q6ﬁ)ﬁ  7.4) 
= ﬀaJ ")"+'Z8$+RU+1!4;c+'Zﬁb)F.ﬃ'x6=8ﬂv4'$
 2' 
&
eRﬁ + 5iX, ﬁﬀ ﬀaJStpﬁ+>Z.ﬃﬁ$ & eKﬂpiHﬁ"ﬀiﬂh4: 2'ﬁ0.ﬃ')"ﬀi  XE ﬂ i - 
=iH8.FRﬁ?iH8.FRﬁ@5i
ﬀ@ 	      
  
      
	              
  	ﬀ	 

	    
b."R i
&
 iZb."R ﬁﬀaJ #"12ﬁN)"4')"+' 2'>< <  ﬂx0)ﬁ+;c"
)F.ﬃ'O6=ﬂh4'$OM 2 2'O-K ﬂ7"8t7X
ﬁﬃm")+  K ﬂ7 ﬁﬀ ﬀaJ

ﬀ2813% A ﬂ	
B:/0F C
?6 @.B:> ﬂ< 57H <<?> /2143576 
A698 /!<.5EBG8 @ C >D8
%
 /=< 5EBG8:@H
6 5(F 
< B:>I8:6 
5769B:>6 >  ﬂ C @.<8=B:>8$B /'C 6;>8 < B:/0F B @?6 5769B:>698 < C @ 6 @ :6:<?>6 >  !# ﬂ B
0>DB:>  3 6 >I< C
 ﬂ B 14>D8 C
	 C 3 1<
F 
 B ﬂ?3<?/ @ C
?6 @?6;>  
 B / >675 < <?3<?/=<?> 5ﬀ8:6 @  
< 576 @.C 5769B:> B !/!C:>I<.576 
 <?3 8 B:/0FD1 5%C 5769B:>@ C:>I8@.B:3 678
/=< EC >6  @F 
 B ﬂ?3<?/ @  ﬀﬂ< C 1E5EB
@ .B:1E>D8 5 <  /=< 5 BG8 @#/!B
< @ C:3 C ﬂ?3<25EC >,5< B$5 <
A@
 <:<?>
6 -5 <  < B:/=< 5 
?6 /2143576 
A698-F 
< B >D8:675767B:> <
@ EC:@ CAF$F< C
< 8 C @ 5 < /!B
 <CAF$F 
 BAF 
?69C 5 < 6 > 5 <
?/ B 
%
   576 /!<?@ 
     3 
	   

t124>ﬀ:N/.4jAUF.ﬃﬁj/.FRU
ﬁ"+'[$+RU+1!4;c+'Zfﬃﬂ.#RU+Ar12 2RU+12A.ﬃﬁF.ﬃﬂﬁ"ﬁF.ﬃﬁ)0p4': 2ﬁ+0.ﬃ 2RU
;c+Q$Fi5ﬁ46/.ﬃ612AO+ 2+RU412 !4'@/.4)"4;c-ﬁ<.BW}ﬁ+;<40.ﬃA][+'$nJf
-;*.ﬃ 2'@)ﬁ/.ﬃ121!+'>Uoﬂh.4)""$
'FM  !gﬁ412 !4'bﬃﬂ3RU+A_1V.ﬃ>UA5ﬁ+;cﬂh4gM !)ﬁ8 2ﬁ+0.ﬃ 2RU;c+,$7.ﬃﬁDﬃﬂvﬁ+'94'12A_M[."A
ﬁ_460.ﬃ 2' .Bﬁ412 !4'sJ*e4o"ﬁ<ﬁ461!+;co*)ﬁ4 !)"cﬃﬂg.>U,Q$bﬁ")"4'$5 2 !4'+)F.ﬃ'P.ﬃ=")+o
)"4;<0.ﬃ !4'/.ﬃ1 2;c[;c4ﬁNﬁ60.ﬃ'Z V.ﬃ1212A/.ﬃ':[)ﬁ4 !)"
ﬃﬂ/[7AQ1!FR.4)")"+1!+0.ﬃﬁ4H 2ﬁﬁ+1ﬂJkKa'Dﬂh.4)+Fi
ﬂh47.O>UQ,$Eﬁ")"4'$5 2 !4'+r+ﬁ: !-'4-;)ﬁ|$5 ﬃn+ﬁ+')":6+LMN"+'|R4.ﬃ !4o7AQ1!FR86/.4)"
;c+Q$FJ
&
1!F.ﬃ12AUi ! ﬂvﬁ*b.ﬃﬁ+'Z !4' ﬁ9 !$+', %/)F.ﬃ !4' .ﬃ'$w)"4')+ !4'yﬃﬂr>UQ,$
ﬁ")"4'$5 2 !4'+ﬁFJ
KL !gRU+AB$5 (*)+12#ﬁc)"4'ﬁ)+#&(*)+ !+'Z-ﬁ")"4'$5 2 !4'+ﬁgﬂh4.:>ﬀ 2RU+'8)+1V.4ﬁgﬃﬂ3ﬁ461!+;cFi.ﬃ'$
+RU+'@;c4ﬁo ﬂ3"ﬁr.ﬃ1!ﬁc/."RUoﬁ<6=7/.ﬃ0.ﬃ121!+1YJ

-%ﬁ#.ﬃﬁ+;<ﬁg 2'_o$&%' 2 !4'9ﬃﬂj/.ﬃ0.ﬃ121!+1sﬁ")"4'$5 2 !4'+ﬁ-.ﬃ 2;c"$9.ﬃ
6 2'>ﬀ 2'>c;< 2' 2;*.ﬃ1
)ﬁ/.ﬃ'>U"ﬁc&u5 ! 2'>*ﬁ")"4'$5 2 !4'+ﬁTi/+ﬁ&ﬂh4ﬁﬀi/K +<#`Y6/.4ﬁ"$_ﬁ")"4'$5 2 !4'+ﬁ-MN+ﬁD;*.4$r/.ﬃ0.ﬃ121!+1
 2'>D.ﬃ'*.ﬃﬁU.4)0 
Dﬁ+;c"$a1!+RU+1`aﬁ)0"$512 2'> #4 aM[.FRU&ﬂ}ﬁ4', -.ﬃﬁU.4)ﬁsi,M !)ﬁc !"$cﬁ7'0."RU+1
/.ﬃ0.ﬃ121!+12 !; ﬂvﬁ4; 8ﬂv4M
.ﬃﬁ$x.ﬃ'$w6/.4)0~,M
.ﬃﬁ$xﬁ412RU"FJ  TMN+RU+Fi-"ﬁbﬁ")ﬁ' !I,"_M[+ﬁﬁ,4'
RQ !+MN"$B.4f/."RQ 2'><.o12 2;< 2ﬁ"$O4ﬁ+', V.ﬃ1YiQﬁ 2')"#K +<g`Y6/.40"$cﬁ")"4'$5 2 !4'+ﬁ.ﬃﬁ-.ﬃ1!0oRU+Acﬁ"I,+'Z V.ﬃ1
 2'_'/.ﬃﬁﬀJ
e4D !7ﬁF.4ﬁ4';*.ﬃ'ZAbﬁ"ﬁF.ﬃﬁ)0+ﬁr !"$bﬁ_$+RU+1!4|/.ﬃ0.ﬃ121!+1fﬁ")"4'$5 2 !4'+ﬁ6/.4ﬁ"$4''+M
;c+Q$Fi/4ﬁcﬁ+ 2'Zﬁ+ﬁ+o41!$@0)ﬁ+;c"<W}12 2~U#ﬂﬀﬂ ;c+Q$z]&J"j412AQ'4;< V.ﬃ13ﬁ")"4'$5 2 !4'+ﬁ-/."RU
.O+dﬂh4;*.ﬃ')":ﬁ+1V.ﬃ 2RUpﬁB&uQ ! 2'>@.ﬃ12ﬁ+'/.ﬃ 2RU"o/.ﬃ7M
.47'4-ﬁQB)"4'ZRQ 2')+ 2'>is"=")+ V.ﬃ1212A9M+'
 2'>*.p;*.ﬃ121n',;D6=+ﬃﬂ3ﬁ,)""0ﬁ4ﬁFJH84ﬁ"FRU+Fi 2 !g$5 (*)+12#ﬁ:%'$@.:>U,Q$B412AQ'4;< V.ﬃ1s 2'_
)F.4ﬁ:ﬃﬂ 2'$&%' 2ﬁ:;*.ﬃ !)""FJ7to.*ﬁ"12Fi=)+ﬁ+'Z7 2'Zﬁ+ﬁ"ﬁﬂh4-"ﬁD~Q 2'$7ﬃﬂﬁ")"4'$5 2 !4'+ﬁo !
.ﬃ12;cﬀNR4.ﬃ' !"$ni5.ﬃ'$c+ﬁ#/.4f6="+'.D ﬂ}NﬃﬂﬂhQ)+fﬁFM
.ﬃﬁ$*;c+Q$N12 2~U#";pi$ﬂﬀﬂpi,.ﬃ'$XE"t-KzJ
ﬂ7" 2ﬁﬁ4;c
/.ﬃ V.ﬃ1)")""ﬁFiZXE"tK3.ﬃﬁ 2121 2'p+ 2f 2'5ﬂY.ﬃ')+AUiU"=")+ V.ﬃ1212ADﬂh43+ 2.ﬃ12 !)F.ﬃ !4'
 2'_/.ﬃ0.ﬃ121!+1j+',R, 2ﬁ4';c+',ﬁFJ
t-Hﬁ+>Z.ﬃﬁ$";;c+Q$FiUM[g)F.ﬃ'*0.FA/.ﬃFiZ 2'<>U+'+0.ﬃ1YiZ+A<)F.ﬃ'<6=&uQﬁ+;c+12A<&(*)+ !+',NM+'
+AcM[4~ 
<ﬂh.ﬃ[;c4ﬁ7&(*)+ !+'Z/.ﬃ'ﬁ")"4'$5 2 !4'"$@7AQ1!FR*;c+Q$FJ -FM[+RU+Fi5+ 2
&(*)+ !+')+A
ﬁ+12 !""ﬁﬁ+', V.ﬃ1212AO4'B- 2'Zﬁ+d`Y1!+RU+1sﬁ"ﬁ !)+ !4'_.ﬃ'$ﬁ41!4'>Z.ﬃ !4'94=+0.ﬃﬁ4ﬁFi57)ﬁ4 !)"oﬃﬂjM !)ﬁ
M 2121Rﬀ.ﬃArﬂh4f4'g.ﬃ12 !)F.ﬃ !4'cﬁ7
'&uQFJke121/";&(*)+ !+')+A<)F.ﬃ'c4'12AD6=g.4)ﬁ !+RU"$pﬂh43ﬁ461!+;c
.4ﬁﬁQ)+ V.ﬃﬁ"$_M 28)"+0.ﬃ 2'9aAQ="#ﬃﬂH/.ﬃ V.ﬃ1k$5 ﬃn+ﬁ+'Z V.ﬃ13"I,/.ﬃ !4'#$&%'"$84'@ﬁ+>ﬀ1V.ﬃ12A@)+ﬁ"$
                  

  	 ﬀ 
$4;*.ﬃ 2'gM !)09/.FRUD5(*)+ !+',#ﬁ+>ﬀ1V.ﬃ 2aAUJ

4>ﬀ8t"; ;c+Q$g/."RUD6"+'@$"ﬁ 2>ﬀ'"$@ﬁc$F.ﬃ1
M 2P;c4ﬁO>U+'+0.ﬃ1[ﬁ461!+;cFiH)")""ﬁ:ﬃﬂ#)0 ;c+Q$<.ﬃ'$OaAQﬃﬂgﬁ461!+;c<ﬁ412RU"$
.ﬃﬁc 2121H12 2;< 2ﬁ"$ni3.ﬃ'$;c4ﬁ< 2'>U+'+0.ﬃ1 2o !r$5 (*)+12ﬁ@$&%'<;D12 2>ﬀ !$P.ﬃ12>U4 2;cDM !)0P.ﬃﬁ
)F.ﬃ/.ﬃ61!rﬃﬂH&(*)+ !+'Z12A@ﬁ412RQ 2'>c>U+'+0.ﬃ1s'ﬁ)+ﬁ"$9/.ﬃﬁﬁ712 2'F.ﬃAQﬁﬁ+;cFJ
ﬂ' c)"4'Z0.ﬃAUi ﬂﬀﬂ ﬁ")ﬁ' !I,":/."RUc6="+')")""0dﬂ}1fﬂv4o1V.ﬃ>UO)+1V.4ﬁDﬃﬂﬁ461!+;cFJeﬁ4;
c"4ﬁ+ !)F.ﬃ1
=4 2'Z:ﬃﬂgR, !+Mri3ﬁ)F.ﬃ1V.ﬃ61!.ﬃ'$ 4 2;*.ﬃ1.ﬃ12>U4 2;cp)F.ﬃ'6=*$&%'"$niH.4$"0)+ 26"$
 2'w)0/.ﬃﬁ+45J eﬁ4; 9=4 2'ZBﬃﬂrRQ !+Mﬃﬂr9%'/.ﬃ1-.ﬃ12 !)F.ﬃ !4'si 2'ﬁF.4$niﬂﬀﬂ .ﬃﬁU.4)0
;*."AP6=0"+'S'4c4'12AP.4c.ﬃ'q?ﬃn")+ 2RUBM[."Alﬁb$&%'_/.ﬃ0.ﬃ121!+1ﬁ")"4'$5 2 !4'+Fi[6*.ﬃ1!ﬁ|.4c.ﬃ'
.ﬃﬁU.4)ﬁ ﬁ $")"4;<ﬀﬁE9$.ﬃ0.P.ﬃ;c4'>P9ﬁQ)""ﬁﬁ4ﬁFJyKL'w)0/.ﬃﬁ+ 5igMNE.ﬃ'/.ﬃ12A5ﬁb.ﬃ121#
;*.ﬃ 2'@)"4;<0.ﬃ !4'/.ﬃ1s~U+'+1!ﬃﬂH.0412 !4'9.ﬃ12>U4 2; ﬂv4
7)"4;<ﬁ"ﬁ 261!oGH1!+g"I,/.ﬃ !4'Fi5
)-+Mﬁ4'5`a7A,1!TRZ` XQ)0ZM[.ﬃ\BWv4f` XQ)0Zz]ﬂv0.ﬃ;c+MN4~=i5.ﬃ'$OMN-TMwTM ﬂﬀﬂ )F.ﬃ'O1!F.4$*ﬁp.ﬃ'B&(*)+ !+'Z
$.ﬃ0.rﬁ)+ﬁﬀiZM !)0)+12ﬁ+[4'*F.4)ﬁﬁQ)""ﬁﬁ4f$.ﬃ0.r)"4ﬁ"=4'$5 2'>Dﬁ:.7>ﬀ 2RU+'O6=$4;*.ﬃ 2'si
.ﬃ'$_+'@07"ﬁo$.ﬃ0.p 2'E.p)"4;<0.ﬃ !4'/.ﬃ1212AE.ﬃ'$B;*.ﬃ+;*.ﬃ !)F.ﬃ1212AE&(*)+ !+'Z#M
."AUJ
 	      
  
      
	              
  	ﬀ	 

	    
3
 


9

4	  


3

 



	  
 
ﬀ

 _ F
 

ﬀ

F

H
	
f
 E
	Ł8j9S&>,_(8&ﬃ52;6O:d(; A@A&ﬃbMB&./#6 "G6 &:qML* A@A&:L(6 "G6 &:' .*/!@=28:+QB  GN
"? .:=/#6 KL .W YT2;:>2;W Y'/H A(3,^&8*ﬂﬃ5&)(8 .W. .WOWg6RM="e6 @sML*U&Q;W  .ﬃ!/=Z .WXW HD;:'(; .*ﬁ/J"?&w&)(P28:'(+M.&=4k .*ﬁ,1D;WŁﬃ52'"G$' .ﬃs2="
6 @=2;W)"G$L A&;*-6  #/7@=2;:mQ. b(; %KL .W &MB A(q,^&8*"%$B6 /Vﬃ5&)(; .WŁML*&Q8W  .ﬃZ0k/I2m* #/AD;W "%lE/A$L2>*tMmQB&D;:'(B/5&:b"%$' 
@A&:L(6 "G6 &:S:8D;ﬃbQB .*@=28:SQB V(; .*-6 K> A(Z_h7$B6 /56 /"G*tDL 5,^&8*_Q.&."%$b&>KL .*pW 28M;MB6O:'<q2;:'(]:'&:p&>KL .*tW 2;M8MB6O:=<
ﬃ5 #"G$L&)(B/=Z

6O*ﬁ/J"%l="%$' Fﬃ!&w(; .W'M>*&Q;W  .ﬃ 6 /j(8 #"?2;6OW  A(s6O:_/H A@#"G6 &:ZﬀBZﬂh7$' .:8lL"%$' F* .ﬃs2B6R:B6O:=<VM>2>*ﬁ"&>,"%$' _@.$L28M="1 .*
6 /(6 K;6 (; A(\6R:="1&3"^4_&ML2>*ﬁ"1/=Zﬂﬁ A@#"G6 &:ﬃZ m6 /(; %K>&."1 A(q"1&d&>KL .*tW 2;M8MB6O:=<!"ﬁ@.$A4_2>*$#&%Vﬃ! #"%$'&w(B/Al2;:'(
6R:`ML2>*ﬁ"G6 @.D;W 2>*"1&"%$' \(; %i:;6 "G6 &:]&>,52@A&;2>*ﬁ/H +/AML2'@A Q>2=/H A(`&:]"%$' +@A&:'@A .M="d&>,s2'<B<E* #<82'"e6 &:8Z
ﬁ A@#"G6 &:'Z S@A&:'/#6 (; .*ﬁ/:'&:p&>KL .*pW 28M;MB6O:'<(!"ﬁ@.$8D;*_@A&ﬃbM;W  .ﬃ! .:=")%5QL2'/H A(xﬃ! #"%$'&)(;/,^&8*  .W  .ﬃ! .:="
&8*-6  .:'"1 A(+2;:'(SKL .*ﬁ"? GNp&;*t6  .:="? A(q(; A@A&ﬃMB&./#6 "G6 &:=/=Z
  	V 	  +* 
s+
Ω
6:.p6=4'$"$E$4;*.ﬃ 2'8 2'
Rd, d = 2, 3
i/M 2b.< !")"+M !ﬁ:;cQ4@64'$.ﬃA
∂Ω
J[{|rM 2121
)"4' !$+gr;c,$+1nﬁ461!+; {
Lw = f  2' Ω
w = g
4'
∂Ω
W 5J ﬀT]
M+ﬁ
Lv = −
d∑
r,s=1
∂
∂xr
(
αr,s
∂v
∂xs
)
ﬁﬀ
  
           
         	                	    
M 2bp)",&(*)+ !+',r;*.ﬃ u
αr,s
' ﬂv4;<12AEﬀﬁ 2 2RU:$&%' 2ﬁc.ﬃ'$86=4'$"$nJ "Hﬁ461!+;W 5J ﬀT]-)F.ﬃ'
6=7ﬁ"0.ﬃﬁ"$_ 2'@ﬁ+;cgﬃﬂf.ﬃ'9"I, 2R4.ﬃ1!+',gRﬀ.ﬃ V.ﬃ !4'/.ﬃ1P;o.ﬃ1!+~Q 2'_ﬁ461!+;4R
{
ek 2'$
u ∈ V )ﬁ@/.ﬃ
a(u, v) = F (v) ∀v ∈ V
W 5JU]
M+ﬁ
V = H10 (Ω)
i
a(u, v) =
∫
Ω
d∑
r,s=1
αr,s
∂u
∂xs
∂v
∂xr
,
F (v) = (f, v)− a(Rg, v),
M+ﬁ Rg  !-.*ﬁ41!4'>Z.ﬃ !4'ﬃﬂ g .ﬃ'$ u = w −Rg =ﬁ" 	 
= ﬀaJ
ﬁ4>ﬀ47 !-)0/.ﬃﬁ+FiMN
M 2121j.ﬃ12M
."A5#=ﬀﬁ7/.ﬃ
a(·, ·)  !gAQ;<;c+ !)D.ﬃ'$_)",+ﬁ)+ 2RUﬀJ

%' 2ﬁ7+1!+;c+'Zg$5 !ﬁ)+ﬁ+ !z.ﬃ !4'_ﬁ&ﬂv4;1V.ﬃﬁ"ﬁ461!+; W 5JU]N.4[ﬁ461!+; W ﬀ J ﬀT]&iQM+ﬁ
Vh
 !
.%' 2ﬁ&`a$5 2;c+' !4'/.ﬃ136/.4)"rﬃﬂ
V
.ﬃ'$
uh(x) =
n∑
i=1
uiϕi(x),
M 2
n = dim(Vh)
J -+ﬁg.ﬃ'$< 2'c
ﬂh4121!FM 2'>i {ϕi, i = 1, . . . , n} ﬁ+ﬁ"ﬁ+'Zﬁgﬁ+fﬃﬂn0.ﬃ'$.ﬃﬁ$
Wv)"4;</.4)+d`aﬁ+')+ 21 ]o%' 2ﬁ*+1!+;c+',D6/.4 !rﬂ}')+ !4'ﬃﬂ
Vh
ij.ﬃ'$
h
c;*.^u5 2;D; $5 V.ﬃ;c+ﬁ+ﬃﬂ
+1!+;c+'Zﬁ-ﬃﬂ37 V.ﬃ'>ﬀ1V.ﬃ !4' Th ﬃﬂ3r/.ﬃ=&`Yﬁ+>ﬀ1V.ﬃ#$4;*.ﬃ 2' Ω J

8)"4ﬁ"=4'$5 2'>S.ﬃ12>U+60.ﬃ !)Eﬂh4;D1V.ﬃ !4'xﬃﬂrﬁ461!+; W ﬀ J ﬀT]*>ﬀ 2RU"* !09ﬁP"IZ/.ﬃ !4' W 5J ﬀT]&i
M+ﬁ
u = [u1, . . . , un]
 !N#RU")+ﬁ4
ﬃﬂn'~,'TM'Fi
fi = F (ϕi)
i5.ﬃ'$O#+'Z !"
ﬃﬂ
A
i,)F.ﬃ121!"$O
 ﬃ='"ﬁ;*.ﬃ uni.ﬃﬁo>ﬀ 2RU+'@6,A
Ai,j = a(ϕj , ϕi) =
d∑
r,s=1
∫
Ω
αr,s
∂ϕi
∂xs
∂ϕj
∂xr
dΩ.
   	
      	   3  
 	k 

XQ)ﬁ,M[.ﬃ\|;c+Q$_;cTRU8ﬂ}ﬁ4; /.ﬃ 2 !4' 2'>qb$4;*.ﬃ 2'
Ω
 2',ﬁSFRU+1V.ﬃ 2'>ﬁ6$4;*.ﬃ 2'
Ωi
J

<ﬁ412 !4'4'<4 2>ﬀ 2'/.ﬃ1N$4;*.ﬃ 2'sis6=+1!4'>ﬀ 2'>@ﬁB</.4)"
Vh
i= !r460.ﬃ 2'"$6ZA.ﬃ' 2ﬁ+0.ﬃ 2RU
ﬁQ)""$5ﬁ* 2',RU412R, 2'>|.ﬃF.4)0Pﬁﬁ+ ﬁ412 !4'p4' ﬁ6/.4)""
Vi
ik$&%'"$P4'P*6=$4;*.ﬃ 2'
Ωi
J
:460.ﬃ 2'Bﬁ)F.ﬃ1V.ﬃ61!#;c+Q$Fi5.7ﬂv+[ﬁ/.4)"
V0
 ![)"4' !$+ﬁ"$nJ
V0
ﬁ+ﬁ"ﬁ+'Zﬁ.D$5 !ﬁ)+ﬁ+ !0.ﬃ !4'_ﬃﬂ
p4 2>ﬀ 2'/.ﬃ1Hﬁ461!+; 4'b<)"4;<1!+ﬁ<$4;*.ﬃ 2'si.ﬃ124>ﬀ 2ﬁo$5 2;c+' !4' !-ﬁ+;*.ﬃ~4.ﬃ612Ab;*.ﬃ121!+
/.ﬃ'B/.ﬃﬃﬂ
Vh
J <-/.ﬃ1212AUi
V0
 !
$&%'"$B6ZA*;cF.ﬃ'ﬃﬂk.>ﬀ !$OM !)0_ !
)"U.ﬃﬁﬁ+
/.ﬃ'->ﬀ !$ﬁ"$
ﬁ<$&%'
Vh
JHe4#4g;cQ$+1nﬁ461!+;@i !g;*."AB1!F.4$_ﬁc.pﬁ)F.ﬃ1V.ﬃ61!D.ﬃ'$94 2;*.ﬃ1sﬁ")"4'$5 2 !4'+

O$+=+'$5 2'>O4'_r$&%' 2 !4'8ﬃﬂkoTRU+1V.ﬃ8.ﬃ;c4'>*oﬁ6$4;*.ﬃ 2'FJ

8$&%' 2 !4'yﬃﬂr9)"U.ﬃﬁﬁE>ﬀ !$w)F.ﬃ'w6E$5 (*)+12_4O)"4;<0.ﬃ !4'/.ﬃ1212A &uQ=+' 2RU_ﬂh4#:ﬂ
')+ﬁ"$:>ﬀ !$34'<)"4;<1!&u,`a/.ﬃ=[$4;*.ﬃ 2'FJ37FRU+ﬁ)"4;c[ !3$5 (*)+12aAUiZMNN/."RU
)"4' !$+ﬁ"$
            	               	 
Ω5
Ωˆ6 Ωˆ9
Ωˆ4 Ωˆ7
Ωˆ5 Ωˆ8
Ωˆ3
Ωˆ2
Ωˆ1
ek 2>ﬀﬁ5J ﬀRX,6$5 2RQ ! !4'yﬃﬂc. :ﬂ ﬁ")+0.ﬃ'>ﬀ1V.ﬃ@ﬁ+>ﬀ !4'
Ω
/.ﬃ 2 !4'"$x 2'Zﬁ  '4'5`aFRU+1V.ﬃ 2'>
ﬁ+>ﬀ !4'
Ωˆi
Wv4'@71!&ﬂvz]&i/.ﬃ'$_o&u5ﬁ+'$"$@6=$4;*.ﬃ 2'
Ω5
Wv4'_r 2>ﬀZz]&J
C
 < C 5767B >8Wv4 C:3 B:/=<
 C 5769B:>Q]NﬁQ)""$5ﬁ"Fi.ﬃ'@.ﬃ12>U+60.ﬃ !)r.ﬃﬁU.4)ﬁ_M !)ﬁ@$Q"
'4$+;*.ﬃ'$Oﬂv4
.O>U"4;c+ !)F.ﬃ1$&%' 2 !4'|ﬃﬂp>ﬀ !$nJrek 2ﬁFi=p$5 ﬃn+ﬁ+'Z V.ﬃ1fﬁ461!+;  !7$5 !ﬁ)+ﬁ+ 2\F"$4'%'
>ﬀ !$nin>ﬀ 2RQ 2'>_ !ﬁpﬁ@.O12 2'F.ﬃrﬁ461!+; M 2.O;*.ﬃ uni0.FA
A
J:
+'sisp;*.ﬃ u)"4ﬁ"=4'$5 2'>
ﬁ$5 !0)+ﬁ+ !0.ﬃ !4'|ﬃﬂ:$5 ﬃ=+ﬁ+', V.ﬃ1f4+0.ﬃﬁ4r4'8p)"U.ﬃﬁﬁ:>ﬀ !$9 !-6 212o0.ﬃ 2'>ﬂ}ﬁ4;?
+'Z !"ﬃﬂ
A
J
"3.ﬃ<K7 !4>Z.ﬃ' !ﬁ"$S.4Dﬂv4121!TMgFJXQ")+ !4' 5J5J ﬀB.ﬃ'$ 5J5J9 2',ﬁ,$5)"4'&`Y1!+RU+1#XQ)ﬁZM
.ﬃ\
ﬁ")"4'$5 2 !4'+FJ KL'wﬁ")+ !4' 5J5JMN8ﬁ"ﬁ+',.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4' ﬁQ)""$5ﬁﬀJ XQ4;c96=4'$Oﬂv4
_ﬁ"12 2'>ﬁ")"4'$5 2 !4'+ﬁ.ﬃ'$S+ 2*ﬁ,ﬃﬂh*.ﬃﬁ_>ﬀ 2RU+'q 2'q0")+ !4' 5J5J =i 5J5J 5i 5J5J?5i.ﬃ'$
'Z;c+ !)F.ﬃ1Hﬁ"ﬁ12ﬁ7.ﬃﬁﬁ+=4ﬁ"$E 2'bﬁ")+ !4'"5J5J QJ7ej 2'/.ﬃ1212AUi=ﬁ")+ !4'"5J5J@$50."Mgoﬁ4;c:)"4')+12$5 2'>
ﬁ+;*.ﬃ~5FJ
  )   + 1!  ﬀ &
	 0   ﬁﬀ   +(+ ﬂ ! +  *

< 2;<1!"XQ)0ZM
.ﬃ\*ﬁ")"4'$5 2 !4'+D !7<4'&`Y1!+RU+1ﬁ")"4'$5 2 !4'+Fij$&%'"$|.4-ﬂh4121!FMgFJ:{|
$5 2RQ !$
Ω
 2'Zﬁ
M
6=$4;*.ﬃ 2' {Ωi}Mi=1
)ﬁB/.ﬃ ∪Mi=1Ωi = Ω
.ﬃ'$OM 2_.ﬃ'BFRU+1V.ﬃBM !$5Bﬃﬂ
4ﬁ$+gﬃﬂ3.ﬃ1!F.4ﬁ
δ = ξh
i
ξ ∈ N+ JgW ξ = 1 )"4ﬁ"ﬁ4'$ﬁ /26 >6 /'C 3 B:<
A3 CAFi/.ﬃ !FiQ 2'_/.ﬃg)F.4ﬁ
MNO;cF.ﬃ'/.ﬃ:*TRU+1V.ﬃq.ﬃ;c4'>96$4;*.ﬃ 2' !Dﬃﬂ#4'O+1!+;c+'ZFJ ]xeﬁ4; .ﬃ'l.ﬃ12>U4 2;< !)
=4 2'ZﬃﬂRQ !+Mri,M[7)F.ﬃ'O 2'~Oﬁ6=$5 2RQ !$
Ω
 2'Zﬁ
M
'4'5`aTRU+1V.ﬃ 2'>*6=$4;*.ﬃ 2'
Ωˆi
i5.ﬃ'$+'
&u5ﬁ+'$F.4)0_ﬃﬂ+; ﬁ
Ωi
.4$$5 2'><.ﬃ1211V."AU+ﬁﬃﬂk+1!+;c+'Zﬁ
 2'
Ω
M 2 2'@.$5 !0.ﬃ')"
δ
ﬂvﬁ4;
Ωˆi
JXQ"
%>ﬀﬁC5J ﬀrﬂv4-.ﬃ'9 212120.ﬃ !4'bﬃﬂ. :ﬂ ﬁ")+0.ﬃ'>ﬀ1V.ﬃ-ﬁ+>ﬀ !4'
Ω
/.ﬃ 2 !4'"$E 2'Zﬁ p'4'5`aFRU+1V.ﬃ 2'>
ﬁ+>ﬀ !4'
Ωˆi
Wv4'@71!&ﬂvz].ﬃ'$@.ﬃ'9&u5ﬁ+'$"$@6=$4;*.ﬃ 2' Wv4'@r 2>ﬀZz]&J
[A:'40.ﬃ !4'siU1!+
H
6

12 2'F.ﬃﬁ 2\Fﬃﬂgﬁ6$4;*.ﬃ 2'Fi
H = max{diam(Ωi)} J3{|g.4ﬁ;c
/.ﬃ[.ﬃ121=6=$4;*.ﬃ 2'/.FRU)"4;</.ﬃ0.ﬃ61!7 2\FﬀiZ YJ ﬀJ2i
C1H ≤ diam(Ωi) ≤ C2H i,M 2 C1 .ﬃ'$ C2 LMN
=ﬀ 2 2RUr)"4'0.ﬃ',ﬁg 2'$+=+'$+'Zﬃﬂ
H
J
&
4' !$+*BR4.ﬃ V.ﬃ !4'/.ﬃ1ﬂh4;D1V.ﬃ !4'wﬃﬂ-B;cQ$+1ﬁ461!+; W ﬀ J ﬀT]p.ﬃ'$l 2ﬁc)"4ﬁ"=4'$5 2'>

=  
           
         	                	    
$5 !ﬁ)+ﬁ+ﬁO/.ﬃBW 5J ﬀT]&J
Vh
 !DO0.ﬃ'$.ﬃﬁ$|%' 2ﬁ+1!+;c+'Z</.4)"O/.ﬃ''"$ 6ZAO6/.4 !rﬂv')+ !4'
.4ﬁﬁQ)+ V.ﬃﬁ"$Eﬁ*:'Q$" 2'
Ω \ ∂Ωi J0s+ Vi ⊂ Vh 6%' 2ﬁ:+1!+;c+',o/.4)"p/.ﬃ''"$86ZA@
6/.4 !kﬂv')+ !4'*.4ﬁﬁQ)+ V.ﬃﬁ"$:ﬁ['Q$"3 2'
Ωi\∂Ωi iZ.ﬃ'$:1!+ ni 6=[[$5 2;c+'ﬁ !4'*ﬃﬂ Vi Jk84ﬁ"FRU+Fi
1!+ Ri 6=ppﬁ" !)+ !4' 4=+0.ﬃﬁ4 Vh → Vi .ﬃ'$ Ri c.4ﬁﬁQ)+ V.ﬃﬁ"$ ni × n ;*.ﬃ unJ RTi
 !o
 2'4m")+ !4'|;*.ﬃsis;c4ﬁpﬁ")+ !ﬁ+12A
RTi
 !D.
n × ni ;*.ﬃ ubMﬀﬁ*.4)+ !4'&u5ﬁ+'$o6ZA8\F+ﬁ@.RU")+ﬁ4
M 2@'Q$.ﬃ1sRﬀ.ﬃ12" 2'
Ωi \ ∂Ωi J
KL !'FM ﬀﬁﬁ 261!7ﬁc$&%'oo1!Q)F.ﬃ1n6 212 2'F.ﬃgﬂh4;c
ai(·, ·) : Vi × Vi → R, i = 1, . . . ,M
M !)ﬁb.ﬃﬁr 2'@>U+'+0.ﬃ13.ﬃ'E.ﬃﬁ"u5 2;*.ﬃ !4'ﬃﬂ
a(·, ·) W}AU+#ﬃﬂvﬁ+'@ 2)"4 2')+ !$"M 2 a ]&J
X,41!$ a(·, ·)
6=)"Q+ﬁ)+ 2RUﬀif+'
ai(·, ·)  !<)"Q+ﬁ)+ 2RUBﬁ,J 
 !p>ﬀ/.ﬃ0.ﬃ'Zﬁ""*/.ﬃ<)"4ﬁ"ﬁ4'$5 2'> .ﬃ12>U+60.ﬃ !)
;*.ﬃ u
Ai
 !'4'5`a 2'>ﬀ1V.ﬃFJ7Ka'E)F.4ﬁ:ﬃﬂ
ai(·, ·) = a(·, ·) ip.ﬃ12>U+60.ﬃ !)p)"4'Zﬁ+/.ﬃrﬃﬂ ai(·, ·)
 !o;*.ﬃ u
Ai = RiAR
T
i .
s+Ng'4'5`a 2'>ﬀ1V.ﬃ[A,;<;c+ !)#;*.ﬃ u
A˜i
6=g+ 2+
Ai
 2ﬁﬁ+1ﬂs4[.ﬃ'B.ﬃﬁ"u5 2;*.ﬃ !4'ﬃﬂn 2FJ3
+'si
r4'&`Y1!+RU+1kXQ)0ZM
.ﬃ\ﬁ")"4'$5 2 !4'+7)F.ﬃ'@6=7M 2ﬁ+'E.4
P−1S =
M∑
i=1
RTi A˜
−1
i Ri︸ ︷︷ ︸
Bi
.
W 5JU]

ﬀ2813,A  ﬂ 
B:>  @	:/2/!<.5 
A6=F 
< B:>D8 6 5769B:>I<
A@ C:> ﬂ< B ﬂ 5%C:6 >I< 8 1 @?6;>  8 6 0<
<?> 5 
 <A@ 5 
A6.5769B:>
C:>D8 F 
 B:3 B:> $C$5767B:> B?F<
 C 5%B
A@ 

5 FI6 C 3 EB 6 < B:>@?6 @ 5 @ B  14@A6 > 
RTi,0
6;>@?5 < C$8 B 
RTi

+H <
<
RTi,0

< F 
<A@.<?>D5 @#5 < 
 <A@ 5 
A6.5769B:> B?F<
 C 5%B
 .B
5 < /26;>6 /!C:3ﬁB <
?3C?F C @.< ﬀﬂ 6 @+F 
< B:>D8 6 5769B:>I<
 6 @ C:3 3< 8
 

ﬃ 
%
ﬃ!#!
 ﬃ   
"Hﬁ")"4'$5 2 !4'+ 5J !'4Bﬁ)F.ﬃ1V.ﬃ61!R  2ﬁ)"4',RU+>U+')"b0.ﬃﬁb$+ﬁ+ !40.ﬃﬁ"9.4E',;D6=+@ﬃﬂ
6=$4;*.ﬃ 2'g 2')+ﬁF.4ﬁ"W} YJ ﬀJ2i
H
$")+ﬁF.4ﬁ"&]&i/.4g0.ﬃﬁ"$_6,AB-ﬂv4121!TM 2'>*"4ﬁ+;@J
B  ﬀJ	 ﬀ98 A   ﬂ 
 < 5
A˜i = Ai
 ﬀﬂ <?>
5 <
<< 
 6 @ 5 @-C=F B @A67576 < B:>@ 5%C:> 5
C
6;>I8 < F<?>I8 <?> 5B 
H
C:>D8
h
 ﬂ?1 5F B @@?6 ﬂ 3  8 < F<?>I8 <?> 5 B:>,5 < BAF<
 C 5%B
 B <  6%<?> 5 @ ﬃ!@A1 5EC 5
κ(P−1S A) ≤ C
1
Hδ
.
  
 BGB 7XQ"  ﬂ{ ﬁﬀaJ
  )   )ﬀ	

 0 ﬀ  ,  ﬀ ! +( ﬂ ! +  *
KL'_o)F.4ﬁoﬃﬂj;< 2' 2;*.ﬃ1TRU+1V.ﬃsio4'&`Y1!+RU+1HXQ)ﬁZM
.ﬃ\Dﬁ")"4'$5 2 !4'+;*."AB67ﬁ"+'9.4.:61!,)0~Z`
TZ.4)"46 gﬁ")"4'$5 2 !4'+FigMﬀﬁB61!,)0~Qc/."RU@ 2\F
ni
JSKL'S !</.ﬃ !)+1V.ﬃO)F.4ﬁﬀiN 2< !<=ﬀﬁ 261!Bﬁ
$+ 2RUD.:6=4'$Bﬂh4r)"4'$5 2 !4'9',;D6=+gM !)ﬁ8$,"'4ﬁ+12A_4'_r&u5 !ﬁ+')"rﬃﬂko6 212 2'F.ﬃ
ﬂh4;
a(·, ·) J
            	               	 
s+
ω
6B@0+cﬃﬂ7RU+ !)""Oﬃﬂ-@>ﬀ0.ﬃ.4ﬁﬁQ)+ V.ﬃﬁ"$lﬁ
A
i[.ﬃ'$
ωi, i = 1, . . . ,M
i['4'5`
FRU+1V.ﬃ 2'>ﬁ+ﬁﬃﬂ
ω
W}/.ﬃ !Fik._'Q$*ﬃﬂ
ω
 !D 2')+12$"$ 2'P4'12Ab4'Oﬁ+
ωi
]&J{|* 2'$5 !)F.ﬃﬁ*6,A
Wi = span {ej, j ∈ ωi} M+ﬁ ej  !7c)F.ﬃ'4' !)F.ﬃ1 j− 6/.4 !oRU")+ﬁ4rﬃﬂ W J[A8)"4'ﬁ)+ !4'si
W = W1 ×W2 × . . .×WM JH
761!Q)ﬁ~,`&TZ.4)"46 sﬁ")"4'$5 2 !4'+ PBJ )F.ﬃ'_6=ﬂv4;*.ﬃ1212AB$&%'"$9.4
P−1BJ =
M∑
i=1
RTi C
−1
i Ri.
-+ﬁﬀi
Ri
oﬁﬃm")+ﬁ4ﬂvﬁ4;
W
 2',ﬁ<r6ﬁ/.4)"
Wi
.ﬃ'$
Ci ∈ Rni×ni .ﬃﬁDﬁIZ/.ﬃﬁ7;*.ﬃ !)""TJ

ﬀ2813,A    
ﬀﬂ<ﬃ   H+C
  F 
 < B:>D8:675767B >I<
 B ﬀ@.< .5769B:>    '/!C ﬂ<#@G<<?> C @#C:> < 
 5 <?>@A69B:> B 
5 < ﬁ F 
< B >D8:675767B:> <
   A> .C.5 
 5%B < C  @A1 ﬂ 8$B:/!C:6 >
Ωi
H < C:> C @A@ B 69C 5 <(C,@G< 5
ωi
B:/0F B @.<8
ﬂ  5 <->DBG8 <?@=6;>D5 <
A>IC:3+5%B 5 <=@A1 ﬂ 8$B /'C 6;>   #<?> <
 5 < ﬁ -F 
 < B:>D8:675769B:>I<
 B

 <?@%F B:>I8:6;>  5%B 5 <
>DB:>  B < 
A3 CAF$FD6 > !@.< 5 @
ωi
/!C=CG571 C:3 3 ﬂ<@.<<?> C @#C'/26 >6 /'C 3 B:<
A3 CAF C:/!B:> =5 <ﬀ@?1 ﬂ8$B:/!C:6 >@
Ωi
9@G<<  :1 
 <   C:>D8=@.< .5767B >     ﬃ
s+
A
6=7/.ﬃ 2 !4'"$E)"4' !ﬁﬁ+'Z12ABM 2
Wi
R
A =
 A1,1 · · · A1,MJJJ J J J JJJ
AM,1 · · · AM,M
 . W 5J =,]

+'sioﬁ")"4'$5 2 !4'+
PBJ
)F.ﬃ'@67M 2ﬁ+'b.4
PBJ =
 C1 0JJJ J J J JJJ
0 CM
 . W 5J U]
KL'O#ﬂv4121!TM 2'>i5MN-M 2121s.4ﬁ;c/.ﬃ
A
 !
.AQ;<;c+ !)#=ﬀ 2 2RU7$&%' 2ﬁ-;*.ﬃ u=i.4[MN+121s.4[
Ci, i = 1, . . . ,M
J
EG
	-HIﬀ2S5%A  ﬂ 
'< @A1 F$F B @G< 5EC 5 
 .B

i, j = 1, . . . ,M

K5<
 << 
:6 @ 5J5 
 << B:>@?5%C > 5 @
αi


βi

 C:>D8
εi,j
@A1 5EC 5
C 
αi〈Ai,ixi,xi〉 ≤ 〈Bixi,xi〉 ≤ βi〈Ai,ixi,xi〉 ∀xi ∈Wi 
ﬂ 〈Ai,ixi,xi〉 ≤ εi,j〈Aj,jxj ,xj〉 ∀(xi,xj) ∈Wi ×Wj 
"Hﬁ4=+aAK5J5J ﬀ J .D$&%'"#IZ/.ﬃ12 2LApﬃﬂn#.ﬃﬁFuQ 2;*.ﬃ !4'
Bi
ﬃﬂ
Ai,i
iZM 21!ﬁ4=+aAK5J5J ﬀ J 6
+Rﬀ.ﬃ12/.ﬃﬁ"g ﬂ37;*.ﬃ u
A
 !ﬁ4=+12A61!Q)ﬁ~,`YM !ﬁr0)F.ﬃ1!"$nJ

7ﬂh4121!FM 2'>O1!+;<;*.p41!$FJ
.Iﬀ98)8)1A  ﬂ 
ﬀﬂ < B:>I8:6 5769B:> >1E/ ﬂ<
 B 
P−1BJA
C:> ﬂ< ﬂ B:1E>D8 < 8C:@.B:3 3B H @	
κ
(
P−1BJA
) ≤ max
i
{(
βi
αi
(
1 +
1
2
(1 + max
j
εi,j)(M − 1)
))
λmax(Ai,i)
λmin(A)
}
H <
<
αi


βi

 C:>I8
εi,j
C
< 5 <	B:>@ 5%C:> 5 @#B  5 <F 
 BAF< 
?5 
     
?  
           
         	                	    
  
 BGB #%'$:.g64'$Dﬂv4jN)"4'$5 2 !4'p',;D6=+3ﬃﬂ
P−1BJA
iﬃMNN/."RU[ﬁ)0/.ﬃ0.4)+ﬁ+ !ﬁ[N&u5ﬁ+;c
Rﬀ.ﬃ12"gﬃﬂkr>U+'+0.ﬃ12 !ﬁ"$@+ 2>U+'ZRﬀ.ﬃ12rﬁ461!+;
λPBJx = Ax , x ∈W,
 YJ ﬀJ2ir&u5ﬁ+;*.<ﬃﬂ3 .FA,1!+ 2>ﬀ9I,4 !+'Zﬁ
RQ(PBJ , A) =
xTAx
xTPBJx
, x ∈W. W 5J?U]
s+G <)"4' !$+:%ﬁ:+p6=4'$lﬃﬂ
RQ(PBJ , A)
J 
")F.ﬃﬁBﬃﬂ#61!Q)ﬁ~,`a)+ﬁW 5J =,]&i
F.4)ﬁ9RU")+ﬁ4
x ∈W )F.ﬃ'_67M 2ﬁ+'b.4 [x1, . . . ,xM ] i5M 2 xk ∈Wk J3{|o/.FRUR
xTAx
xTPBJx
=
∑
i
{
xTi Ai,ixi +
∑
j 6=i x
T
i Ai,jxj
}
∑
k x
T
kBkxk
≤
∑
i
{
xTi Ai,ixi +
∑
j 6=i
(
xTi Ai,ixi + x
T
j Aj,jxj
)
/2
}
∑
k x
T
kBkxk
≤
∑
i
{
xTi Ai,ixi +
1
2(M − 1)xTi Ai,ixi + 12
∑
j 6=i x
T
j Aj,jxj
}
∑
k x
T
kBkxk
≤
∑
i
{
[1 + (M − 1)/2] xTi Ai,ixi + maxj εi,j2 (M − 1)xTi Ai,ixi
}∑
k x
T
kBkxk
≤ max
i=1,... ,M
{
1 + (M − 1)/2 + maxj εi,j(M − 1)/2
αi
}
.

ZTi
λmax(P
−1
BJA) ≤ maxi
{
1
αi
(
1 +
1
2
(
1 + max
j
εi,j
)
(M − 1)
)}
.
W 5J ﬀ]
e4gr1!FMN+64'$niMNo/.FRU
λmin(P
−1
BJA) = min
x∈W
xTAx
xTPBJx
≥ λmin(A)x
Tx∑
i x
T
i Bixi
≥ λmin(A)
maxi {βiλmax(Ai,i)} .

ZTioﬁ"12 2'>c6=4'$Bﬂh4r)"4'$5 2 !4'@',;D6=+# !
κ(P−1BJA) ≤
maxi,j
{
1
αi
(
1 + 12 (1 + maxj εi,j)(M − 1)
)}
λmin(A)
max
i
{βi} λmax(Ai,i)
≤ max
i
{
βi
αi
(
1 +
1
2
(1 + max
j
εi,j)(M − 1)
)}
λmax(Ai,i)
λmin(A)
.
W 5J@U]
            	               	  
Ω
Ω
1
2
ek 2>ﬀﬁ 5J Rkt;< 2' 2;*.ﬃ1`aFRU+1V.ﬃBaM[ﬃ`a6$4;*.ﬃ 2'B/.ﬃ 2 !4'sJ
ω1
)"4'Z0.ﬃ 2'.ﬃ121  • U'Q$"FiQ.ﬃ'$ ω2
  ◦ 5',$"FJ & 1!F.ﬃ12AUi5 2'_ !)F.40 ω1 ∩ ω2 = ∅ JHj ωi, i = 1, 2 i5MNo)F.ﬃ'9.4ﬁ0,)+ V.ﬃﬁ7.p6=$4;*.ﬃ 2'
Ωi
in)"4;<ﬀ0"$b6ZA.ﬃ121H<+1!+;c+'Zﬁrﬃﬂ
p V.ﬃ'>ﬀ1V.ﬃ !4'ﬃﬂ
Ω
/.FR, 2'>E.O'Q$p 2'
ωi
J
+ﬁ&ﬂh4ﬁﬀi
oLMNc6=$4;*.ﬃ 2'
Ω1
.ﬃ'$
Ω2
/.ﬃﬁD.ﬃ'@FRU+1V.ﬃ8ﬃﬂ ﬀD+1!+;c+'ZFJ
t124>ﬀb'4/.ﬃSW}6")F.ﬃ0ﬃﬂf>U+'+0.ﬃ12 2aA8ﬃﬂ47.4ﬁﬁ;< !4'z]&i" 2;*.ﬃ !4'b>ﬀ 2RU+'
6ZA1!+;<;*.'5J5J ﬀo0.ﬃﬁ"
/.ﬃo)"4'$5 2 !4'@',;D6=+#ﬃﬂ
P−1BJA
>ﬀﬁFMg12 2'F.ﬃ12AM 2_7'Z;6+ﬃﬂ
61!Q)ﬁ~5oﬁ"$qW}M !)ﬁ;< 2>ﬀZr'4r6=pﬃﬂ[<z.ﬃ;c< 2\FT]7.ﬃ'$p0.ﬃ !
λmax(Ai,i)/λmin(A)
J')-4ﬁ
/.ﬃgD.ﬃ6=FRUrﬁ"12g)F.ﬃ'@6=o/.ﬃ+'"$@ 2'_r)F.4ﬁrﬃﬂkaMNO6=$4;*.ﬃ 2'  t#u5 
=i
&
/.ﬃﬁ+  ﬀaJ
  )   	   1!  ﬀ &
	 0   ﬁﬀ   +(+ ﬂ ! +  *

o'4'5`aﬁ)F.ﬃ1V.ﬃ6 212 2LA@ﬃﬂko4'&`Y1!+RU+1HXQ)ﬁ,M[.ﬃ\:ﬁ")"4'$5 2 !4'+ﬃﬂHﬁ")+ !4' 5J5J ﬀo !g$57ﬁc-ﬂh.4)+
/.ﬃ 2'5ﬂh4;*.ﬃ !4'.ﬃﬁ#&u5)0/.ﬃ'>U"$O4'12Ap1!Q)F.ﬃ1212A:ﬁ4>ﬀO#TRU+1V.ﬃ 2'>ﬁ+>ﬀ !4'Fi,M 21!
ﬂh4+1212 2 !)
ﬁ461!+;cpB$4;*.ﬃ 2'Sﬃﬂ$++'$+')"B !>ﬀ1!46/.ﬃ1YJ|
N;-ﬁ"+'Pﬂ}')+ !4'l !:'4'5`Y\F+ﬁ8ﬁ4>ﬀ4
<M41!c$4;*.ﬃ 2'si3.ﬃ'$ﬁ4;c<M
."Aﬃﬂ
0.ﬃ';< 2 2'>9>ﬀ1!46/.ﬃ1f 2'5ﬂh4;*.ﬃ !4' !r'""$"$ﬁ_;*.ﬃ~U<
.ﬃ12>U4 2;0)F.ﬃ1V.ﬃ61!ﬀJ
KL'|.*LMNﬃ`Y1!+RU+1XQ)ﬁZM
.ﬃ\cﬁ")"4'$5 2 !4'+Fi3.cﬂv+r)"4ﬁ")+ !4'ﬁ+;
B0
 !r.4$$"$bﬁ<)"4d`
ﬁ")+ !4'#4'9o6$4;*.ﬃ 2'Ti460.ﬃ 2' 2'>
P−1S,C,add = B0 + P
−1
S =
M∑
i=0
Bi,
W 5J U]
M+ﬁ
B0 = R
T
0 A
−1
0 R0
 !oc)"U.ﬃﬁﬁp1!+RU+1N)"4ﬁ")+ !4'sJ
A0
)"4ﬁ"=4'$oﬁ_cﬁ412 !4' ﬃﬂ[
4 2>ﬀ 2'/.ﬃ1Rﬀ.ﬃ V.ﬃ !4'/.ﬃ1kﬁ461!+;  2'9D/.4)"
V0
iM !)ﬁE ! L)"U.ﬃﬁﬁ r 2'9Dﬁ+'ﬁr/.ﬃg 2)"4',0.ﬃ 2'-.
12 2;< 2ﬁ"$B'Z;6+gﬃﬂ3$+>ﬀﬁ""ﬃﬂﬂvﬁ""$4; ﬁ:ﬁ;*.ﬃ~U- L&u.4)+  2'ZRU+ﬁﬁ !4'@ﬃﬂ
A0
)"4;<0.ﬃ !4'/.ﬃ1212A
.4)")"+0.ﬃ61! 
* ﬂ
n0
 !r$5 2;c+' !4'Eﬃﬂkr)"U.ﬃﬁ0r/.4)"ﬀi4'o/.4
n0  n J
X, 2')"
rank(RT0 A
−1
0 R0) = n0
i
B0
/.4D.O1V.ﬃ>Up'Z121ﬁ/.4)"ﬀJ
+ﬁ&ﬂh4ﬁﬀin 2r)F.ﬃ''4o6=<$5 2ﬁ")+12A
ﬁ"$*.4N.7ﬁ")"4'$5 2 !4'+Rf.ﬃ'ZAc)"4;<=4'+'Z[ﬃﬂ+ﬁ4fM !)ﬁO12 !"f 2'c',121//.4)"gﬃﬂ
RT0A
−1
0 R0
MN41!$b'+RU+o6=p)"4ﬁ")+ﬁ"$nJp
+ﬁ&ﬂv4ﬁﬀinﬂh4;D1V.ﬃ !4'ﬃﬂ
"IZ/.ﬃ !4'W 5J U]-)"4;<1!+ﬁ"
B0
J )4ﬁ
/.ﬃ
B0
ﬁ"$5)""4'12Ap)"4;<=4'+'Zﬁ[ﬃﬂ+ﬁ4f/.ﬃN)F.ﬃ'c6
ﬁ+ﬁ"0+'Zﬁ"$*4'*)"U.ﬃﬁﬁg/.4)"ﬀi
/.ﬃg !Fi5r1!FMyﬂvﬁ"IZ+')+ !"TiM+ﬁF.4
PS
)"4ﬁ")+ﬁgr 2>ﬀBﬂ}ﬁ"I,+')+ !"FJ
@  
           
         	                	    
ek 2>ﬀﬁ 5J R3G3u.ﬃ;<1!ﬃﬂs)"U.ﬃﬁﬁ;c"cﬁ 2'>:.rﬁ)+ﬁ"$*>ﬀ !$cﬂv4
.G:ﬂx$4;*.ﬃ 2'sJHs V.ﬃ'>ﬀ1!"ﬃﬂn
%'o;c"9.ﬃﬁr 2'B%'o12 2'ﬀiM 21!oo6=41!$B12 2'"g !$+', ﬂ}AB7 V.ﬃ'>ﬀ1!"-ﬃﬂko)"U.ﬃﬁ0o;c"sJ

ﬀ2813,A   A 	
> C:35 <
?>DC 576 < 57H+B  3< < 3 /=< 5EBG8 C 8$BAFI5 @#5 < .B:3 3B:H
6 > -5 
<<%@ 5 < F @  *6EC
 8 @.B:>
/=< 5EBG8
un+1/3 = un +B0r
n
un+1/2 = un+1/3 + P−1S r
n+1/3
un+1 = un+1/2 +B0r
n+1/2,
H <
<
rn
C:>D8
un
C
< 
<A@ F< .576 <?3 (5 < 
 <A@?678 1 C:3C:>I8 5 <!C?F$F 
 B 
:6 /'C$5 < @ B 3 1 5767B > C 55 <
n− @?5 < F B 
5 <   6  C
 8:@ B:> /=< 5EBG8  ﬀﬂ < B

<A@%F B >D8:6 >  F 
 < B:>D8:675769B:>6 > -/'C$5 
A6
 C:> ﬂ< .B
?/!C:3;3 2H 
A67595 <?>,C @
P−1S,C,hybridA = I − (I −B0A)(I − PSA)(I −B0A)
W 5J ﬀ U]
ﬀﬂ 6;@#CAF$F 
 BGC6;@  <
   3 B @G<#5%B 5 < ﬂ C:3 C:> .6;> 
 
<?1E/'C >> 
 
<?1E/'C >>,/!<.5EBG8  B
>DB:>  B <
?3C?F$FD6 > 
8 < B:/0F B @A675769B:>@  ﬀ C:3 !  

@.<< C 3 @.B!@G< .5769B:>       
%
3< C
?3 
 5 < 
 B:3 <?@!B 
B0
C:>I8
PS
C:> ﬂ<=6;>D5 <
  EC:>  <8  ﬀﬂ 14@
 C A1 
?5<
 F 
< B:>D8 6 5769B:>I<
 C:>
ﬂ<28 < 
A6 < 8
 H 6   
< C$8:@
P−1S,C,hybrid2A = I − (I − PSA)(I −B0A)(I − PSA)
ﬀﬂ 6;@ C:> ﬂ< 
<$C
 8 <8(C @ C /21E3 576 
?678 CAF F 
 B C#
 H <
<
PS
C:> ﬂ<#@G<<?> C @ C=@?/'B B 5 <

 H 6 3<
B0
B

< .5 @ 5< < 
 
 B
 B:>,5 <	BGC
@G< 3< <?3 
?698 

=")+0.ﬃ1ﬁ4=+ !"#Wh.ﬃ'$p
/.ﬃ0.ﬃ121!+1=+dﬂv4;*.ﬃ')""z]HﬃﬂaM[ﬃ`Y1!+RU+1=XQ)0ZM[.ﬃ\ﬁ")"4'$5 2 !4'5`
+ﬁ3M 2121/$+=+'$<ﬁ4'>ﬀ12Ap4':$&%' 2 !4'Oﬃﬂ)"U.ﬃﬁﬁﬁ/.4)"
V0
Jk
+ﬁ#.ﬃﬁ
R, 2/.ﬃ1212A:'12 2;< 2ﬁ"$
)ﬁ4 !)""#ﬃﬂ7)"U.ﬃﬁﬁ->ﬀ !$)"4ﬁ")+ !4'_/.ﬃ
;*.FAO6=#0"$nJ
&
4'ZRU+>U+')"rﬃﬂ7+', 2ﬁoﬁ)ﬁ+;c7M 2121
$+=+'$P4'l/.ﬃ !)+1V.ﬃ< 2'Zﬁ+=41V.ﬃ !4'w.ﬃ'$l)"U.ﬃﬁﬁ>ﬀ !$l4+0.ﬃﬁ4<0"$nJb{w+'l=ﬀﬁ 261!ﬀiH
)"U.ﬃﬁﬁ/.4)"
V0
;*.FA_6D 2ﬁﬁ+1ﬂ+;D6="$$"$9 2',ﬁ
Vh
JM<-/.ﬃ1212AUi:)"U.ﬃﬁﬁ4+0.ﬃﬁ4-ﬁ+ﬁ"ﬁ+'Zﬁ-
$5 !ﬁ)+ﬁ+ !0.ﬃ !4'lﬃﬂg*)"4', 2'Z4pﬁ461!+; 4'P.@RU+A|)"U.ﬃﬁﬁc;c"ﬁsJ@
 !D !*)"4;<;c4'l)F.4ﬁﬀi
ﬂh4[ 2'ﬁ0.ﬃ')"ﬀiﬃﬂj)+ﬁ"$_>ﬀ !$
12 2~U7o4'o$+ !)+ﬁ"$B 2'B%>ﬀﬁG5J5JHKL'B !)F.4ﬁﬀi5-ﬂh4121!FM 2'>
ﬁ"12g41!$TJ
            	               	 
B  ﬀJ	 ﬀ98 A    
%
B:>@A698 <
 5 < C$8$8:67576:< 57H+B  3< <?3B < 
A3 CAF$FD6 >  ﬃ   H+C
  /=< 5EBG8
 H <
< 5 < B:<
 
3 CAF,6;@14> 6 .B
?/ B ﬀH
678 5 O(δ) 
 5< BGC
A@.<
?678=@%FC< V0 B
 
<A@%FB:>D8 @ 5%B-5 < >675 < < 3 <?/=<?>D5 ?14> 
5769B:>@#B:> <?3 < /!< > 5 @ B  O(H) 
 C:>I8 V0 ⊂ Vh  ﬀﬂ <?>
κ(P−1S,C,add1A) ≤ C
(
1 +
H
δ
)
,
W 5J ﬀﬀT]
H <
<
C
6;@#C B:>@ 5%C:> 56 >D8 < F<?>D8 < > 5 B 
h


H
C:>D8
δ

  
 BGB 7XQ"  X M; ? ﬀaJ
KL'@.D;c4ﬁ7>U+'+0.ﬃ1jﬁ+ 2'>i5M 2@.p)"U.ﬃﬁﬁ7/.4)"7M !)ﬁ_ !
'4g+;6"$$"$_ 2'B-%'7/.4)"ﬀi5 2
 !=ﬀﬁ 261!7ﬁpﬁTRUr7ﬂh4121!FM 2'>c"4ﬁ+;@J
B  ﬀJ	 ﬀ98 A    A 
B
ﬀ5 <C$8 8:6 576 <ﬀ57H+B  3< <?3 B:<
A3 CAF$FI6;>  ﬃ  H+C
 /!<.5EBG8
 H <?>(5 <B < 
A3 CAF 6;@
1E>6 .B
?/ B  H
678 5 O(δ) 
 5 < BGC
A@.< 
A698 @%F C < V0 B

 <?@%F B:>I8 @ﬀ5%B25< >675 < <?3<?/=<?> 5 ?14> .5767B >@ B:>
<?3<?/=<?> 5 @ B  O(H) 
 V0 6⊂ Vh C:>D8 V0 6⊂ H10 (Ω)

H < EC < 
κ(P−1S,C,add2A) ≤ C
(
1 +
H
δ
)2
,
W 5J ﬀU]
H <
<
C
6;@#C B:>@ 5%C:> 56 >D8 < F<?>D8 < > 5 B 
h


H
C:>D8
δ

  
 BGB 7XQ" 
&
X  ?ﬁﬀaJ
{ 2_ !g.ﬃﬁU.4)ﬁsi/-%'r.ﬃ'$Bo)"U.ﬃﬁﬁ7>ﬀ !$B'""$B'4ﬁ:67 !$+', !)F.ﬃ1YJﬂ'7 2;<=40.ﬃ'Z
)"4'0.ﬃ 2',N !/.ﬃ#)+1!ﬀﬁﬁ#ﬃﬂn#)"U.ﬃﬁﬁ#>ﬀ !$c;N)"TRU+
.ﬃ',A<4 !4'ﬃﬂ=g%'g>ﬀ !$*64'$Q`
.ﬃA@ﬂh47M !)ﬁ )-+;*.ﬃ''6=4'$.ﬃA8)"4'$5 2 !4'D.ﬃﬁp>ﬀ 2RU+'sJ:E12 21!+RU+1f&uQﬁ+' !4'r.ﬃﬁpﬁ"0+'Zﬁ"$
 2'
&
  ?i
&
;"  ﬁﬀaJ

ﬀ2813,A    
ﬀDB ﬂ?1E6;3 8'1 F,5< @?576 >I<A@A@0/!C 5 
?6 
=B:>5 < BGC
A@.< 
A698
+B:>I<EC @57H+B0F B @A@A6ﬃﬂ?6;3 675769<A@
ﬀﬂ <  
@ 5B:>I< 6 @ﬀ5%B=C @A@.<?/ ﬂ?3<#5 < B C
@G<
A698-< 
$C.573 =6 >5 <ﬀ@ C:/=<ﬀH+C =C @B >(5 < >I<ﬀ3< < 3 ﬀﬂ 6;@
C:> ﬂ<< C @A6 3 #6 / FI3 <?/=<?>D5 < 8 6;> @?6;/0FD3<C @.<?@
JH<
 <C @0675 6;@/!B
 <ﬀ8 6   1E35 6 *5 < B <   69< > 5+< 
  6ﬃﬂ?675 @

 CAFD698 C
?67C 5769B:> @A6 > <-6 > 5EC 5 C @G< 8$C 5%C(/214@?5 ﬂ<-@ C:3< 8 8$B:H
> 5%B,5 < BGC
A@.<
?698  ﬀﬂ<=@.< B >D8
F B @A@A6ﬃﬂ?6 3 675  6;@ 5%B ﬂ?1E6;3 8 1GF5 < BGC
A@.<0/!C 5 
?6
 14@A6 >  5 < /!<.5EBG8 C:3 3 <825 < *C 3 <
  6 > C?F$F 
 B 
:6 /'C$5767B:> 

A0 = R0AR
T
0 .
W 5J ﬀU]
ﬀﬂ 6;@ C:> ﬂ<*F<
 B
A/=< 8 14@A6 > =/'C$5 
A6
-/ 1E3576FD3 6C 5769B:> 5 <  >60 1<A@ 

"4ﬁ+;cM5J5Jp.ﬃ'$N5J5Jﬁ+12A*4'B$&%' 2 !4'@ﬃﬂk.)"U.ﬃﬁﬁ->ﬀ !$nJHe4)+ﬁ"$;c""FiQ 2
 !fﬁ+1V.ﬃ 2RU+12AcF.4ﬁA:ﬁr%'$*)0.o)"U.ﬃﬁ0g>ﬀ !$nJHe4N')+ﬁ"$*;c"ﬁ"FiU 2f !'4[.ﬃ12M
."A5[.r 2R, V.ﬃ1
0.4~Eﬁ_$&%'<p 2'Zﬁ+=41V.ﬃ !4' 4=+0.ﬃﬁ47ﬂ}ﬁ4; :%'c;c"ﬁc)"U.ﬃﬁﬁp;c"sJp84ﬁ"FRU+Fi
o 2;<1!+;c+',0.ﬃ !4'bﬃﬂH !g4=+0.ﬃﬁ4)F.ﬃ'96r$5 (*)+12-4#)"4;<0.ﬃ !4'/.ﬃ1212A9&u5+'ﬁ 2RUﬀi"=")+ V.ﬃ1212A
ﬂh4 :ﬂ )"4;<0.ﬃ !4'TJ
)-4ﬁ:/.ﬃ- 2'b;*.ﬃ',A8.ﬃ12 !)F.ﬃ !4'oM+ﬁp:ﬁ4>ﬀ0.ﬃ;<;c+r/.47)"4;<1!+ﬁ<)"4'Zﬁ41fﬃﬂ[pﬁﬃﬂ}d`
M[.ﬃﬁﬀi3>U+'+0.ﬃ !4'lﬃﬂ#.W}'"ﬁ"$/]D)"U.ﬃﬁﬁ*>ﬀ !$)F.ﬃ'6=*ﬁ0.ﬃ 2>ﬀZdﬂh4M[.ﬃﬁ$nJ ﬂ'O 2;<12A6=+>ﬀ 2'DM 2
  
           
         	                	    
.ﬃ'.ﬃﬁ4 V.ﬃﬁ9e3G )"U.ﬃﬁﬁB>ﬀ !$ni[.ﬃ'$q+'qﬁ&%'"< 2c4'@4cﬁ+RU+0.ﬃ1# 2;c"<ﬁ460.ﬃ 2'qB%'
>ﬀ !$nJr
 !%'p>ﬀ !$8M 2121f.ﬃﬁ4;*.ﬃ !)F.ﬃ1212AE 2'+ 2op/.ﬃ=Dﬁ+>ﬀ1V.ﬃ 2LA8ﬃﬂN:)"U.ﬃﬁ0:4'ﬀJr{w+'
9)"U.ﬃﬁ0_>ﬀ !$q !O$&%'"$ 2'q !*;*.ﬃ''+Fig)F.ﬃ1!)+1V.ﬃ !4'ﬃﬂ79 2'Zﬁ+=41V.ﬃ !4' .ﬃ'$ﬁ" !)+ !4'
4=+0.ﬃﬁ4ﬁg !g0.ﬃ 2>ﬀ,dﬂv4M
.ﬃﬁ$8.ﬃ'$B 2'&u5=+' 2RUﬀJ
-FM[+RU+Fi, 2N !Nﬃﬂvﬁ+'*'+ 2+Nﬀ0 261!g'4N0.4)+ !)F.ﬃ1ﬁD>U+'+0.ﬃﬁ#g%'#>ﬀ !$cﬂ}ﬁ4; #)"U.ﬃﬁﬁ
>ﬀ !$ 2' ._'"ﬁ"$ﬁQ)""ﬁFJct ﬀ0 261!c.ﬃﬁU.4)ﬁP !o+'|ﬁ_'<>ﬀ !$>U+'+0.ﬃ 2'>9ﬁQ)""$5ﬁ
aM !)"ﬀigﬁ|>U+'+0.ﬃﬁEaMNyW}')"4ﬁ+1V.ﬃﬁ"$y.ﬃ'$q=ﬀﬁ 2612Al'4'5`Y'"ﬁ"$/]c>ﬀ !$FJx
E)"4')+ !4'yﬃﬂ
 2'Zﬁ+=41V.ﬃ !4'4=+0.ﬃﬁ4ﬁ+'S6=")"4;c":;c4ﬁ_$5 (*)+12c.ﬃ'$P&u5=+' 2RU'1!"ﬁpﬁ4 ! !)F.ﬃﬁ"$
.ﬃ12>U4 2;cO.ﬃﬁB0"$lﬁE1!Q)F.ﬃﬁB%'B>ﬀ !$S'Q$"p 2'S_)"U.ﬃﬁﬁB>ﬀ !$nJlt#'4+*.ﬃﬁU.4)0 !
ﬁ_)"U.ﬃﬁﬁ+'p>ﬀ 2RU+'%'p>ﬀ !$nin%'$5 2'>E.Bﬁ+oﬃﬂN'Q$"D.ﬃ'$b+'6 21!$5 2'>E.ﬁ"ﬁ0+121V.ﬃ !4'ﬃﬂN
$4;*.ﬃ 2'sJ
)-4ﬁg/.ﬃHﬂh4 :ﬂx$4;*.ﬃ 2'N !HﬂY.ﬃ 212A<F.4Aﬁ460.ﬃ 2'.7 V.ﬃ'>ﬀ1V.ﬃ !4'ﬂvﬁ4; .oﬁ+Nﬃﬂ='Q$"Fi
M 21!ﬂv4 :ﬂ $4;*.ﬃ 2'
 !N;c4ﬁ7$5 (*)+12FJf84ﬁ"FRU+Fi 2N !['4+R, !$+',/.ﬃ
ﬁ"ﬁ12 2'>:>ﬀ !$M 2121
6=:ﬁ/.ﬃ:ﬁ+>ﬀ1V.ﬃFJDt'4+o 2;<=40.ﬃ'Zoﬁ461!+;  !-pﬁF.ﬃ;c+'Zﬃﬂp64'$.ﬃA8)"4'$5 2 !4'Fi
 2')"7r$&%' 2 !4'8ﬃﬂkr64'$.ﬃ !"#;*."AB67ﬁ461!"04;c7ﬂv4D)"U.ﬃﬁﬁr$4;*.ﬃ 2'sJ
jTRU+ﬁ)"4;cN"0fﬁ461!+;cFi4M[N)"4' !$+k+ﬁN.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'pﬁQ)""$5ﬁ"Fi4M !)ﬁ:M 2121Q6fﬁFM'
ﬁO6ﬃﬂf/.ﬃ !)+1V.ﬃD.4$5R4.ﬃ',0.ﬃ>Uﬀi"ﬁ")+ V.ﬃ1212A@M+'b$F.ﬃ12 2'>BM 2Eﬁ461!+;co4'8')+ﬁ"$8>ﬀ !$FJ
t>ﬀ>ﬀﬁ+>Z.ﬃ !4'OﬁQ)""$5ﬁ"[/."RU6"+'Oﬁ"ﬁ+'Zﬁ"$ 2'*12 2ﬁ+0.ﬃﬁ6ZA*R4.ﬃ !4
.ﬃ4ﬁFJHt'O.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'
ﬁ")ﬁ' !I,M[.4N%ﬁf 2',ﬁ,$5)""$ 2' ﬀ ﬁﬀ#6ZA!s"4', !&ﬂ s"ﬁﬀZi
&
/.ﬃﬁ+  ﬀaJ  +ﬁﬀiZ 2 !NM 2ﬁ+'O/.ﬃ
 
6 > 5 < C @.<B F 
 BG8 1 .5 @ H 6 B:/0F 
A6;@.< >DC:38 <?/!C:>D8 
ﬀ6  < >DB:1  6;@  >DB H
> 5%B .B
A/ C 
 B:1 F
B  F 
 B 8:1 G5 @ H B @.< 14@.< 6 @-@?5 
?6 .573  B:/0FD3<?/=<?> 5%C
 
 5 < HEB 3 <
 B:1 F B  F 
 BG8:1 .5 @ 6 @=@A1  69< > 573 
698 <?> 576  < 8 ﬂ (B >I< B '6 5 @'/=<?/ ﬂ<
A@   25<'@ 5 
A1 .571 
 <B  >DC:3+84<?/!C:>D8 EC:> 4<A@

C:>D8 5 <=1 @G< B 
5 < 
 B:1 F B  F 
 BG8:1 .5 @6;@ 
< C:3 3 B:/0FD3<?/=<?> 5%C
	

@?1  C EC >  <(H
6 3;3*C 0< G5 5<H B:3 < 
 B:1 F
6 > 5 <'@ C:/=<!H+C  ﬀﬂ < 
 <.B
<
0>IB6 >.B
A/!C 5769B:> 6;@ @ C 
?6  < 8 ﬂ 3 1E/ FI6;> (5 <?/ 5%B  < 5 < 
  ﬁ  5 <
@ C /!< 5%B :<?>
 F 
 BG8 1 .5 @ H 6 C
 <-@?1 ﬂ?@?5767571E5%C ﬂ 3 < ﬂ?1 5EC <8:6 @A@A6 /26;3 C
F 
 BG8 1 .5769B:> A1E> .5769B:>@=/214@?5
@.< F C
 C 5 <?3 !6784<?> 576  < 82@?6;> < C  EC:>  < 6 >5 <?6
 
 <?3 C 576 < B:>@?14/0FI5769B:>H
6 3;3 EC:<#8:6 0<
<?> 5 < 0< .5 @ B:>
5 <ﬀ< B >DB:/  -
km ﬁ %/)F.ﬃ !4'cﬁ-ﬁ
 !f.ﬃﬁU.4)ﬁOM[.4H46ﬁ+Rﬀ.ﬃ !4'</.ﬃ
 
 5 <
F 
 BG8:1 .5769B:>
B  < C6 >D8:14@?5 
 "   / 14@?5 ﬂ<#@.B:/=< 6;>D8 B #C
<$C 5 <A@!B  F 
 BG8 1 .5 @:
 !.ﬃﬁU.4)09/.4#6"+'
&u5ﬁ+' 2RU+12ABﬁ"$B 2'@Gf)"4'4;< !)" ﬁ"  bX @ ﬀj.ﬃ'$_oﬁ&ﬂh+ﬁ+')""g+ﬁ+ 2'sJ
KL'
$4;*.ﬃ 2'<ﬃﬂ//.ﬃ V.ﬃ1$5 ﬃn+ﬁ+'Z V.ﬃ1"I,/.ﬃ !4'Fiﬀ;cQ4"$p.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'<ﬁ")0' !IZ"3/.FRU[6"+'
ﬁ"$ni/ﬂv47&u.ﬃ;<1!ﬀi/ﬂh4#;12 2>ﬀ !$.ﬃ12 !)F.ﬃ !4'7 2'   5i  
 ﬁﬀ ﬀaiM+ﬁD 2',RU" 2>Z.ﬃ !4'rﬃﬂf
;cQ4"$c.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'*ﬁ4=+ !"H/."RU
6="+'<ﬁ+=4ﬁ"$nJHKa'p[ﬂv0.ﬃ;c+MN4~<ﬃﬂ$4;*.ﬃ 2'c$")"4;<=ﬀ `
 !4'p;c+,$Ti4ﬂhQ)+j !k;*.ﬃ 2'12A:4':LMNﬃ`Y1!+RU+1;c+Q$FJ #"12ﬁH.ﬃﬁNﬁ"ﬁ+'Zﬁ"$p 2'  "NXQe 	 ﬁﬀQﬂv4
7/.ﬃ121!FM M[.ﬃﬁ+g"I,/.ﬃ !4'g.ﬃ'$4:ﬂ =4ﬁ+'Z V.ﬃ1 /TMgFi 2'  efX 	 
= ﬀ=ﬂv4M:ﬂ 4ﬁ+', V.ﬃ1 /FMx)"4;<5`
0.ﬃ !4'Fi5 2'  TUo8  ﬀ=ﬂh4N>ﬀﬁ4'$5M
.ﬃﬁ+/FMgTi5 2'  o TU ﬁﬀ ﬀﬂh4
;D12 2/.4ﬁ /TMgFi5 2' Qﬁﬀ=ﬂv4
$5 !ﬁ)"4', 2'Z4 ;o.ﬃ1!+~Q 2'P.ﬃﬁ"u5 2;*.ﬃ !4'lﬃﬂg.4$5RU")+ !4'5`a$5 ﬃ= !4'Pﬁ461!+;cFi3.ﬃ'$| 2'  XQe ﬁﬀUijXQe  ﬀ
ﬂh4 :ﬂ )"4;<ﬁ"0 261!DGH1!+"IZ/.ﬃ !4'4'_')+ﬁ"$@ﬁ+0.ﬃ"$50.ﬃ1j>ﬀ !$FJ

o6/.4ﬁ !)o !$F.<ﬃﬂf.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'9 !ﬁ*.4$4-.ﬃ'E.ﬃ12>U+60.ﬃ !)Dﬁ+ 2'>*ﬁcFRU+ﬁ)"4;cDr$5 (*)+12 !"
ﬃﬂng$&%' 2 !4'Bﬃﬂs.r)"U.ﬃﬁﬁg>ﬀ !$nJ3t->ﬀ>U"ﬁ"$c6ZAc"I,/.ﬃ !4'8W 5J ﬀU]&i,MN%ﬁﬁ$&%'gg4=+0.ﬃﬁ4
R0
i3.ﬃ'$ )"4'ﬁ"I,+'Z12A
A0
 2'>EaM[9;*.ﬃ uQ`Y;*.ﬃ u ﬁQ$5)+ﬁFJ_
B.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'l)"U.ﬃﬁ0*/.4)"
V0
 !r$&%'"$)0|/.ﬃDF.4)0 +1!+;c+'Z:ﬃﬂ
V0
 !D.4)+/.ﬃ1212A|)"4;<=ﬀﬁ"$6,A.12 2'F.ﬃ:)"4;D6 2'/.ﬃ !4'lﬃﬂ
            	               	 ﬁﬀ
1
2
φi
Θ Θ Θ1
Θ2
1 2Φ Φ
ek 2>ﬀﬁ 5J =DR:ek 2'&`Y;c"l.ﬃ'$)"U.ﬃﬁﬁ&`Y;c" ﬂ}')+ !4' 2'|*)F.40*ﬃﬂaM[E6=$4;*.ﬃ 2'r 2'P4'*$5 `
;c+' !4'sJ
ϕi
 !.7>U+'+ !)6/.4ﬁ !3ﬂ}')+ !4'*ﬂv4H%'g/.4)"ﬀiUM+ﬁF.4
Φ1
.ﬃ'$
Φ2
.ﬃﬁgaM[r6/.4 !
ﬂv')+ !4'ﬂh4r)"U.ﬃﬁﬁo/.4)"ﬀJ
+1!+;c+'Zﬁ:ﬃﬂ
Vh
ik.ﬃ'$|+ﬁ&ﬂh4ﬁ
V0 ⊂ Vh J*84ﬁ<ﬁ")+ !ﬁ+12AUijMN*M 2121f>ﬀﬁ4|c'Q$"rﬃﬂp%'
>ﬀ !$ 2',ﬁ9.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁ"
ϑi
J:
+'si<6/.4 !-ﬂv')+ !4'Dﬃﬂ
<)"U.ﬃﬁﬁc/.4)"
V0
M 2121f6=Dﬂh4;c"$6,A
;<;< 2'>co%' 2ﬁr+1!+;c+'Z6/.4 !
ﬂv')+ !4'#ﬃﬂ37',$" 2'EF.4)ﬁE.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁﬀJ

oﬁQ)""$5ﬁr !.4ﬂh4121!FMgFJfek 2ﬁFir$5 ﬃ=+ﬁ+', V.ﬃ1jﬁ461!+; !g$5 !ﬁ)+ﬁ+ 2\F"$E4'_7%'r>ﬀ !$nJ

+'si,g;*.ﬃ u*)"4ﬁ"=4'$5 2'>ﬁD#$5 !ﬁ)+ﬁ+ !z.ﬃ !4'ﬃﬂn#$5 ﬃn+ﬁ+'Z V.ﬃ1n4=+0.ﬃﬁ4N4'O#)"U.ﬃﬁﬁ
/.4)"< !D6 21!$ 2'>@*+1!+;c+'Zﬁpﬃﬂ[<%'&`Y>ﬀ !$|;*.ﬃ unJO
<6/.4ﬁ !oﬂv')+ !4'Dﬃﬂc)"U.ﬃﬁﬁ
/.4)"EM 21216=_ﬂh4;c"$6ZAﬁ;<;< 2'> 9%' 2ﬁb+1!+;c+'ZB6/.4 !*ﬂ}')+ !4'BﬃﬂDE',$"O 2' F.4)ﬁ
.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁﬀJo
p.ﬃ12>U4 2; ﬁ"-.O 2;<1!:ﬁQ)""$5ﬁﬁO6 21!$8Dﬁ"ﬁ !)+ !4'b4=+0.ﬃﬁ4ﬁ
R0
.ﬃ'$
oﬁ41!4'>Z.ﬃ !4'84+0.ﬃﬁ4
RT0
.ﬃ'$@ﬁ:ﬂv4;Co)"U.ﬃﬁ0o;*.ﬃ u9.4
A0 = R0AR
T
0
J

)"4')+ !4'qﬃﬂ
R0
 !pﬁ4;c+ 2;c":ﬁ&ﬂh+ﬁ"$ﬁb.4-@A/!BGB 5 <8 C
<$C$5767B:>WYXQt7]&JkKaﬁD%ﬁ
ﬁ+l)"4ﬁ"=4'$pﬁE$&%'_.9ﬁ" !)+ !4'q4+0.ﬃﬁ4
R˜0
09/.ﬃ<F.4)ﬁq.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁBM 2121+RU+'Z/.ﬃ1212A
)"4ﬁ"=4'$ﬁl. L$+>ﬀﬁ"bﬃﬂrﬂvﬁ""$4; 8ﬃﬂ:8)"U.ﬃﬁ0E4=+0.ﬃﬁ4FJ A, !)F.ﬃ1212AUi-F.4)ﬁ .ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁb !
ﬂh4;c"$6,AS9'Q$"*6=+1!4'>ﬀ 2'>Pﬁ .|ﬁ6$4;*.ﬃ 2'si#.ﬃ124>ﬀy4'9;*."Aq/.FRU9;c4ﬁb.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁ"
/.ﬃ'*6=$4;*.ﬃ 2'FiUﬂv4H 2'0.ﬃ')"g6ZA:ﬂ}+N6$5 2RQ !$5 2'>rF.4)ﬁ6=$4;*.ﬃ 2'c 2'ZﬁD.70+ﬃﬂ=)"4', 2>ﬀ4
'Q$"FJ|
 !<$")"4;<=ﬀ 2 !4'q !:/.ﬃ1212A 460.ﬃ 2'"$q 2'>|.9>ﬀ0.ﬃS/.ﬃ 2 !4' 2'>P.ﬃ12>U4 2;@J 

'Z;6+[ﬃﬂn.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁ"
n0
ﬁ+ﬁ"ﬁ+'ZﬁNg$5 2;c+' !4'Oﬃﬂg)"U.ﬃﬁ0g/.4)"
V0
iZ 2')"F.4)0.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁ
M 2121s6=7>ﬀ 2RU+'E.:' !I,r)"U.ﬃﬁﬁo>ﬀ !$Bﬂv')+ !4'sJ


n0 × n W}ﬁF.ﬃ1 ][;*.ﬃ u R˜0  !g)"4')+ﬁ"$_ 2'9ﬁ)ﬁ9.pM
."AB/.ﬃgF.4)ﬁ@ﬁTM )"4ﬁ"=4'$gﬁc.
'Q$
.ﬃ'$<F.4)0c)"412;<'cﬁo.ﬃ'*.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁﬀJ3{|[M 2121 2'$5 !)F.ﬃﬁ
M 2
ϑ˜i
ﬁ+Hﬃﬂ'Q$"3/.ﬃ3ﬂv4; 
'4'5`a;cQ4"$E.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁ
i
i G D0+gﬃﬂ3'Q$"g12AQ 2'>*4' ∂Ω i Θ˜j = int
(
∪i∈ϑ˜j supp(Φi)
)
i
H˜0 =
maxj=1,... ,n0 diam(Θ˜j)
i.ﬃ'$
δ˜0
D.ﬃ;c4',-ﬃﬂHFRU+1V.ﬃ.ﬃ;c4'>cW}'4'5`a;c,4"$/]#.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁ"FJ
t ﬀﬁﬁ 261!7M[."ABﬁc$&%'rr+'Z !"ﬃﬂ
R˜0
 !#.4
ﬂh4121!FMgR
R˜0(i, j) =
{
1
 ﬂ
j ∈ ϑ˜i
0
 ﬂ
j 6∈ ϑ˜i 4 j ∈ G.
W 5J ﬀ>=,]
R˜0
)F.ﬃ'86=rRQ !+MN"$b.4-.* 2;<1!D>ﬀ !$E0.ﬃ'dﬂh+4=+0.ﬃﬁ4o)"4ﬁ"4'$5 2'>ﬁO !")"+M !ﬁ)"4'ﬁ0.ﬃ'Z
 2'Zﬁ+=41V.ﬃ !4'sJft4'&`a$5 2;c+' !4'/.ﬃ1&u.ﬃ;<1!g 2'<#)F.4ﬁﬃﬂ
R˜0
.ﬃ'$<M 2*aMN6=$4;*.ﬃ 2'H !f>ﬀ 2RU+'
 2'P%>ﬀﬁN5J =ifM 21!O%>ﬀﬁ45J Eﬁ+4ﬁc. :ﬂ&u.ﬃ;<1!ﬀJek 2>ﬀﬁN5J?Eﬁ+ﬁ"ﬁ+'Zﬁc>ﬀ0.ﬃ !)F.ﬃ1212A 
6/.4 !
ﬂv')+ !4'#ﬃﬂ
Vh
.ﬃ'$
V0
ﬂh4#. :ﬂ )F.4ﬁﬀJ

ﬀ2813,A    
 A>  <?> <
 C 3)
#B:>I<-3< 5 @ < C  F 
 B<A@A@ B
 ﬂ?1E6;3 8,5 < C
 < $C 5 < B
 
<A@ F B:>D8:6 >  5%B675 @
  
           
         	                	    
θ
θ
θ
1
2
3
ek 2>ﬀﬁ 5J  RGHu.ﬃ;<1!"7ﬃﬂ[.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'8ﬂh4-.#:ﬂ $4;*.ﬃ 2'sJ
'Q$";*.ﬃ~U"$EM 2  

2i   ◦ 2in.ﬃ'$
  • /6=+1!4'>ﬁ ϑ˜1 i ϑ˜2 i=.ﬃ'$ ϑ˜3 iﬁ"=")+ 2RU+12AUJ7
D6=41!$912 2':$&%'" Θ˜1 i/p$4ﬁ"$E12 2' Θ˜2 i.ﬃ'$
r/.4$"$@6/.4)ﬁ~Q>ﬀﬁ4'$
Θ˜3
J
 
 










	
	






ek 2>ﬀﬁ 5J? Rﬂ'8rﬁ4si&u.ﬃ;<1!:ﬃﬂH%'r>ﬀ !$lWv4'91!&ﬂvz]g.ﬃ'$b.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁ"pWv4'ED 2>ﬀ,z]&J ﬂ'
64ﬁ4;@i,6/.4 !ﬂ}')+ !4'Oﬂv4Ng%'#>ﬀ !$8Wv4'g1!&ﬂvz]&i5.ﬃ'$*'4'5`a;cQ4"$6/.4 !Hﬂv')+ !4'Oﬂv4
r)"U.ﬃﬁﬁoﬁ/.4)"*Wv4'@7 2>ﬀZz]&J
            	               	 
FD6%< < B '5 < 
A698  B

<A@%F B >D8:6 >  5%B5 <!5 
A69C:> :1E3 C 5767B > B '5 < B:/0FD1 5%C 5769B:>DC:3+8$B /'C 6;>ﬃ 
6 :>IB
A6 > 
5 < B:>>I< G5767B:>@ﬀC:/!B:> 2@A1 ﬂ 8$B:/!C:6 >@  ﬀﬂEC$5J6;@
< C#F 
 B<A@A@ B
ﬀ6;@ C @@?6  >I< 8!C @?1 ﬂ 
A698=B 05 < < > 576
<

?678  5EC 5 B

 <?@%F B:>I8 @ 5%B 5 < 5 
?67C > :1E3C 5769B:> B  5 <#@A1 ﬂ 8$B:/!C:6 > :6 <?> 5%B 5EC 5F 
 B<A@A@ B
 ﬃ

5 < >
 C
@.< 
A69C:3C
<$C$5767B:> C:3 $B
?675 / 6 @214@.< 8 B:> < C ,@A1 ﬂ
?678  ﬀﬂ 6 @	C
?67C > 5 
 @ B:/=< 576 /=<A@	
<G<

 < 8,5%BC @
8 < B:1GFI3 < 8(C
<$C$5767B:> 
 H+B
	G@ .14675 < H <?3 36  5< 3BGC 8 ﬂ C:3 C:> <'B  5 < 
?678 8$C 5%C C:/!B:> -5<*F 
 B<A@ 
@ B
@#6;@ @.C 576 @ C .5%B
    A>  < >I<
 C:3)
H < > 5 < 
 C 5767B ﬂ< 57H <<?> 5 < >1E/ ﬂ<
!B  >IBG8 <A@'C:>D8 5 < > 14/ ﬂ<

B C
 < C 5767B > 6;@ 3C
 <,<?>DB 1  
 3 6:< .B
 5 <57H+B  3< <?3*/=< 5 BG8 @  <
< F 
 <A@G<?> 5 < 8 
25 <(8 < B:1GFI3 < 8
C
 < C 5767B > B 0<
@ $B BG82FC
?57675769B:>6 >    > 5 < B:> 5 
 C
 
*H <?> 3 C
 <!>14/ ﬂ< 
-B 'C
<$C 5769B:> C
<

< 1E6
< 8 %3 6 <
 B
+6 >@?5%C:> <
6 >'/ 1E3576;3< <?3 /=< 5EB 8 @ ﬃ 
J8 < B:1 FD3< 82C
<$C$5767B:> /!C 
 <?@A1E3 5ﬁ6 >=C @.B:/=<
HEC 5K6
 
<:1E3 C
ﬀ84< B:/0F B @?6 5769B:>   A> 5 6;@ C @G<
 6 5K6;@*1 @?1 C:3 3  H+B
 5!5%B	
 < < 1E6 3 6ﬃﬂ
 C 5 < 5 <F C
 576 5769B:>6 > 
C:/!B:> (5 <!@A1 ﬂ 8$B /'C 6;>@!5%B/26;>6 /26 @G<'5 <-8 < F<?>D8 <?>  ,B !5 <
<A@?143576;>  C 3 $B
A675 / B:> 5 <!@A1 ﬂ 8$B 
/!C:6 > 8 < B:/0F B:@A675767B:>

@G<< ﬀ ﬀ #   B
28:6;@  14@@?67B:>@ C:>D8 
<A@A1E35 @2B:> FC
 C 3;3<?3J@A/!BGB 5 <8C
 < C 5767B >
CAF$FI3 6%< 8 5%B-/ 1E3576 
?698!/=< 5EB 8 @ 

g0")"4'$cﬁ+9W}/.ﬃf;*.FA:6=g."RU4 !$"$/]f)"4' !ﬁfﬃﬂs.ﬃ12AQ 2'>.-ﬁ41!4'>Z.ﬃ !4'O;cQ4+
S˜0
ﬁ
ﬁQ$5)"[%'/.ﬃ1ﬁ41!4'>Z.ﬃ !4'O4=+0.ﬃﬁ4
RT0 = R˜
T
0 S˜0
JKs+
Φ˜i
6

ﬁ+',0.ﬃ 2RUg)"U.ﬃﬁﬁ
ﬂv')+ !4'Fi
.4$&%'"$D6ZA
R˜0
J
 !sﬂ}')+ !4'M 2121Z6=f;cQ4"$D4j6ZA7 2')+ﬁF.4 2'>- 2ﬁ=4s 2'>ﬁ+')+ 21
ﬃﬂH 20.ﬃ61!o=412A,'4;< V.ﬃ1!# 2'
A
Jf
+'siOWv;c,4"$/])"U.ﬃﬁﬁo/.4)"oﬁF.4$
V0 := span{Φi, i = 1, . . . , n0}, Φi = S˜0Φ˜i. W 5J ﬀ U]
A, !)F.ﬃ1212AUi
S˜0 = Pk(D
−1A)
inM+ﬁ
D
 !r. 20.ﬃ61!<$5 V.ﬃ>U4'/.ﬃ1H;*.ﬃ uninM !)0)F.ﬃ'b6p)ﬁﬀ0+'
ﬁp6=oo$5 V.ﬃ>U4'/.ﬃ1/.ﬃ#ﬃﬂ
A
i.ﬃ'$
Pk
.<412AQ'4;< V.ﬃ1ﬃﬂH$+>ﬀﬁ"
k
J
"kﬀﬁ 261!r)04 !)""gﬂh4r;cQ4+#.ﬃﬁD.p 2;<1!
g !)ﬁ/.ﬃﬁ$04'9;cQ4+  ,/i,ﬁﬀ ﬀ&R
S˜ = S˜0($, k) = (I −$D−1A)k, W 5J ﬀ?U]
M+ﬁ
$ > 0
 !p.@ﬁF.ﬃ1
/.ﬃ0.ﬃ;c+ﬁ+c.ﬃ'$
k ∈ N0 iH4<.9ﬁ")+ﬁ 2RU g !)ﬁ/.ﬃﬁ$04'lﬁ;c,4+   5i
 [ ﬀai-4@+1!ﬁ.SXE"t-K*ﬁ;c,4+ M;7 ﬁﬀ ﬀaJ e49.P)"4;</.ﬃ !ﬁ4'xﬃﬂ"ﬁﬁ;c,4+ﬁB
ﬁF.4$+p !:.4$$5ﬁ"0ﬁ"$ﬁ  Q ﬀ4  Qﬁﬀ ﬀai3M+ﬁO 2 !pTM' Wv&u5+ 2;c+',0.ﬃ1212A]/.ﬃ:?ﬃ=")+
ﬃﬂ:;c+'Z !4'"$;c,4+ﬁo.ﬃﬁpI, 2ﬁ:ﬁ 2;< 21V.ﬃFJ  +')"ﬀi= 2'8ﬂv4121!TM 2'>_MNpM 2121kﬂh,)+-4'12AE4'
;cQ4+W 5J ﬀ?U]&J
)-4ﬁ#/.ﬃFiQ'1!"ﬁ
A
/.4[/.ﬃ !)+1V.ﬃ
ﬁ4+ !"Ti,7=")+0.ﬃ10.4$5 2[ﬃﬂ3.r'4'5`a$.ﬃ;<="$ TZ.4)"46 
;c+Q$w !O1V.ﬃ>U+B/.ﬃ'y4'ﬀJ KL' !)F.40ﬀi
$
;DB6=E)0ﬀﬁ+'y)ﬁ /.ﬃ
$ < 2/ρ(D−1A)
J

c'""$ ﬃﬂ#.ﬃ' " 2;*.ﬃ !4'lﬃﬂc1V.ﬃ>U":+ 2>U+'ZRﬀ.ﬃ12* !)"4;<;c4'ﬁ94+:;cQ4+ﬁ:.4DMN+121YJ
-FMN+RU+Fif 2D;< 2>ﬀZp6=c'4:ﬁ,E$5 (*)+12pﬁ9460.ﬃ 2'S.ﬃ'P" 2;*.ﬃﬁﬃﬂgO1V.ﬃ>U"+ 2>U+',R4.ﬃ12ﬀJbe4
&u.ﬃ;<1!ﬀi/ ﬂ
A
 !.
M− ;*.ﬃ u=iC;7+ﬁﬁ>U4 2'E"4ﬁ+; )F.ﬃ'96=D.ﬃ12 !"$9ﬁc64'$9D=")+0.ﬃ1
0.4$5 2Dﬃﬂ
A
JOKYﬂ[<;*.ﬃ u| !rﬁ)F.ﬃ1!"$|ﬁ_/."RU<' 2$5 V.ﬃ>U4'/.ﬃ1N+'Z !"Ti !D1!F.4$rﬁ_<',;D6=+
   /ﬂv4D1V.ﬃ>U"o+ 2>U+',R4.ﬃ12ﬀJ7e4-'4'
M− ;*.ﬃ !)""Fi 2- !#=ﬀﬁ 261!DﬁO" 2;*.ﬃﬁ::+ 2>U+'ZRﬀ.ﬃ12
 2'>@.;*.ﬃ121H'Z;6+rﬃﬂ .ﬃ')+\Fﬀr4o)"4'4md>Z.ﬃﬁp>ﬀ0.4$5 !+'ZD47=FMN+D;c+,$8 2ﬁ+0.ﬃ !4'FJ:Ka7;*.FA
6=Dﬁ&ﬂv1kﬁOﬁ)F.ﬃ1!p" 2;*.ﬃﬁ:6ZAE.O;*.ﬃ121jﬂh.4)+ﬁ4Fi=6=")F.ﬃﬁ;cﬀ7)"4;<0.ﬃ !4'/.ﬃ1H;c+,$7>ﬀ 2RU
1!FM[+#6=4'$ﬁ<o1V.ﬃ>U"ﬁg+ 2>U+'ZRﬀ.ﬃ12ﬀJ

=  
           
         	                	    

ﬀ2813,A    
 A> 5 < C:@.<-B 2B >I<!C
 < $C 5 < F<
2@?1 ﬂ8$B:/!C:6 >
 C ﬃ

5 <  >60 1< C:> ﬂ<214@.< 8(5%B
8 < +>I<!5<!B < 
A3 CAF$FD6 > @A1 ﬂ 8$B /'C 6;>@
Ωi
   >I<0FB @@?6 ﬂ?3<!H+C5%B F 
 B<< 8,6;@'C @ .B:3;3 B:H @ 'B:>I<'@?5%C
 5 @
H
675(C /26;>6 /!C:3  B < 
A3 CAF 8 < B:/0F B @?6 5769B:>
Ω˜i

5 <?> C ﬃ

5 <   >60 1<!6;@ CAF$FD3 6%< 85%B .B
?/
V0
 ﬀﬂ < >

@.<.5
Ωi = supp{Φi}, i = 1, . . . ,M  ﬀﬂ < C:/!B:1E> 5B -B:<
A3 CAF C:/!B:> ,5 <=@?1 ﬂ 8 B:/!C:6;>@  C:>I8,5 <
C
 < C 5 <A@ ﬃ H
6;3 3 8 < F<?>D8 B:>,5 < 8 <
<<'B  5 < @A/!BGB 5 < 
 
s+# 2'$5 !)F.ﬃﬁrM 2
Θj = int
(∪i∈ϑj supp(ϕi)) r=4#ﬃﬂ Φj i.ﬃ'$
H0 = max
j=1,... ,n0
diam(Θ˜j), j = 1, . . . , n0.
{|
.4ﬁ;cf/.ﬃkN',$
.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'p/.46="+':)F.ﬃ !"$p4kﬁ#/.ﬃH.ﬃ121
Θj
.ﬃﬁ[)"4''")+ﬁ"$p6ﬁ+ﬁ
ﬃﬂ
Ω
JgKL'9Dﬂv4121!TM 2'>BMNM 2121jﬁrﬁ+; .ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁﬂv4-6=4
ϑj
.ﬃ'$
Θj
i$+=+'$5 2'>B4'E
)"4'Zﬁ&u5FJ
  )    ,#0 ﬀ   !ﬂ   +%ﬂ 0 ﬂ ! 


.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃ !4'<ﬁ,)""$5ﬁ
)F.ﬃ':6Nﬁ+ 2'Zﬁ+ﬁ+ﬁ"$c.4H.ﬃ'<.ﬃ12>U+60.ﬃ !)N;*.ﬃ' 21V.ﬃ !4'cﬃﬂ;*.ﬃ u
A
Jke4
f0.ﬃ~UﬃﬂQ>U+'+0.ﬃ12 2LAUi41!+sj.4ﬁ0,)+ V.ﬃﬁf.rW}ﬁTM]=RU")+ﬁ4
ηi ∈ Rn
ﬁN.ﬃ>ﬀ>ﬀﬁ+>Z.ﬃﬁ
Θi, i = 1, . . . , n0
i
)0@/.ﬃg
R0
;*.ﬃ u_6")"4;c"
R0 =
 η
T
1
J
J
J
ηTn0
 , W 5J ﬀ ﬀ]
/.ﬃg !Fi
R0(k, j) = ηk(j)
J{w 2_ !#'40.ﬃ !4'si/.p6/.4 !
ﬂv')+ !4'9ﬃﬂ
V0
)F.ﬃ'@67M 2ﬁ+'8.4
Φk =
n∑
j=1
R0(k, j)ϕj ,
W 5J ﬀ@U]
M 21!D.:>U+'+ !)rﬂ}')+ !4'
u0 ∈ V0 ﬁF.4$
u0 =
n0∑
k=1
u0,kΦk.
W 5J ﬀ U]

+'si
u0 =
n0∑
k=1
u0,k
n∑
j=1
R0(k, j)ϕj
=
n∑
j=1
(
n0∑
k=1
u0,kR0(k, j)
)
ϕj
=
n∑
j=1
(
RT0 u0
)
j
ϕj ,
            	               	 
.ﬃ'$@ !$+;c4'0.ﬃﬁ/.ﬃ
RT0
 !#o'/.ﬃ0.ﬃ13)ﬁ4 !)"Dﬂv4g4+0.ﬃﬁ4M !)ﬁ8 2'Zﬁ+=41V.ﬃﬁ"ﬂ}ﬁ4;
r)"U.ﬃﬁﬁoﬁ/.4)"
V0
ﬁpo%'r/.4)"
V
J
{|D.ﬃﬁ7'TM ﬁF.4$5Aﬁc$&%'ooRﬀ.ﬃ V.ﬃ !4'/.ﬃ1sﬁ461!+; 4'@)"U.ﬃﬁﬁoﬁ461!+; .4
{
ek 2'$
u0 ∈ V0 :
a(u0, v0) = f(v0)
i ∀v0 ∈ V0,
W 5JU]
a(·, ·) 6+ 2'>OD6 212 2'F.ﬃﬂh4; .4ﬁﬁQ)+ V.ﬃﬁ"$Eﬁc:)"4' !$+ﬁ"$9ﬁ461!+;?4'8o%'>ﬀ !$8.ﬃ'$ f(·)
r)"4ﬁ"=4'$5 2'>c12 2'F.ﬃﬂv')+ !4'/.ﬃ1[Wv0"oﬁ")+ !4' 5J ﬀT]&J
<- 2'>9W 5J ﬀ U]&iﬁ461!+; W 5JU][ﬁF.4$
a
(
n0∑
k=1
u0,kΦk(x),Φl(x)
)
= f (Φl(x)) l = 1, . . . , n0.

+'si5ﬂvﬁ4; "I,/.ﬃ !4'DW 5J ﬀ@U]g.ﬃ'$|W 5J ﬀ ﬀ][M[D$+ 2RU
a
 n0∑
k=1
u0,k
n∑
j=1
ηk,jϕj ,
n∑
p=1
ηl,pϕp
 = f
 n∑
p=1
ηl,pϕp
 l = 1, . . . , n0
n0∑
k=1
u0,k
n∑
j=1
ηk,j
n∑
p=1
ηl,pa (ϕj , ϕp) =
n∑
p=1
ηl,pf (ϕp) l = 1, . . . , n0
n0∑
k=1
u0,k
n∑
j=1
ηk,j
n∑
p=1
ηl,pAj,p =
n∑
p=1
ηl,pfp l = 1, . . . , n0.
-+')"ﬀir+1!+;c+',
(k, l)
ﬃﬂ3r ﬃ='"ﬁ
;*.ﬃ u
A0
 !>ﬀ 2RU+'96ZA
A0(k, l) =
n∑
j=1
ηk,j
n∑
i=1
ηl,iAi,j,
.ﬃ'$_7 2>ﬀ,d`Y/.ﬃ'$E !$7ﬁF.4$
f0(l) =
n∑
p=1
ηl,pfp.
KL'_o)F.4ﬁoﬃﬂ3;< 2' 2;*.ﬃ1FRU+1V.ﬃsi
R0
/.4.p")+ V.ﬃ1=ﬂh4;@J3{|r4ﬁ$+go0+gﬃﬂk'Q$"g0.ﬃ 2'>
ﬂvﬁ4; ﬀﬁ7 2'
Ω1
i.ﬃ'$B+'@ﬁQ)"""$5 2'>cM 2_ﬀﬁ7 2'
Ω2, . . . ,ΩM
J
&
4ﬁ"ﬁ4'$5 2'>ﬀ12AUi/MNr4ﬁ$+
b$+>ﬀﬁ"bﬃﬂrﬂ}ﬁ""$4; ﬃﬂ
V0
J t_.ﬁ"12Fi9ﬁ41!4'>Z.ﬃ !4'x;*.ﬃ u
RT0 ∈ Rn×n0
/.4
?  
           
         	                	    
ﬂh4121!FM 2'>*61!Q)ﬁ~B)+ﬁR
RT0 =

ηT1,1 0 . . . 0
ηT2,1 0 . . . 0
J
J
J
0 . . . 0
ηTn0,1,1 0 . . . 0
0 ηT1,2 . . . 0
J
J
J
J
J
J
J
J
J
J
J
J
0 ηTn0,2,2 . . . 0
J
J
J
J
J
J
J
J
J
J
J
J
0 0 . . . ηT1,p
J
J
J
J
J
J
J
J
J
J
J
J
0 0 . . . ηTn0,p

.
W 5JﬁﬀT]
)-4ﬁ#/.ﬃ[F.4)ﬁBRU")+ﬁ4
ηs,i
)F.ﬃ'O6=#)"4')+ﬁ"$_.ﬃN6=$4;*.ﬃ 2'1!+RU+1Yi,ﬁ 2'>4'12A<1!,)F.ﬃ1
 2'5ﬂh4;*.ﬃ !4'8.ﬃ6=4o>ﬀ !$@ﬃﬂ
Ωi
J
  )   ! /1!    +ﬀ    0 .'**  ﬀ,* ﬂ #0 ﬀﬃﬂ )ﬀ &
	 0  " %ﬂ&')(*
c64'$Bo)"4'$5 2 !4'@',;D6=+ﬃﬂW 5J U][M 2
V0
>ﬀ 2RU+'@6,AbW 5J ﬀ U]&iMN7ﬁ7r.ﬃ60.4)+)"4'ZRU+d`
>U+')"
"4Arﬂh4kXQ)0ZM
.ﬃ\#;c+Q$  ﬂoX,{ 
= ﬀaJ3
 !k"4AUiZ$&%'"$ﬂv4HAQ;<;c+ !)[ﬁ461!+;cFi
)"+'Zﬁ"p.ﬃﬁ4'$)B/.ﬃ0.ﬃ;c+ﬁ+ﬁTi
C0, ρ()
.ﬃ'$
ω
1V.ﬃﬁ+$&%'"$nJ*
c"4AE !IZ 2ﬁp>U+'+0.ﬃ1
.ﬃ'$
$Q"'4gﬁ+12AB4'9.ﬃ'ZA_=")+ %/)r$&%' 2 !4'9ﬃﬂ3r)"U.ﬃﬁﬁr/.4)"
V0
J
KL'l !cﬁ")+ !4'SMNBﬁ+=4<B;*.ﬃ 2'S12 2'"<ﬃﬂ7 !<)"4'ZRU+>U+')"@"4AUiﬂh4121!FM 2'>  X M; ? ﬀaJ

+'si 2'90")+ !4' 5J5J?pMNDM 2121n;*.ﬃ~Uoﬁrﬃﬂ3 !#.ﬃ60.4)+g"4ABﬁpﬁTRUr"4ﬁ+; 5J5J =J
&
4' !$+o.ﬃ>Z.ﬃ 2'4;cQ$+1ﬁ461!+; W ﬀ J ﬀT].ﬃ'$9 2ﬁ-$5 !ﬁ)+ﬁ+ﬁp)"4'Zﬁ+/.ﬃcW 5J ﬀT]&J-t7.ﬃ12M[.FAQ- 2'
 !" !FijMN*ﬁﬀﬁcﬁ@/."RU
M
6/.4)""
Vi ⊂ Vh ik12.96/.4)" V0 ⊂ Vh M !)0 M 2121
1V."A_rﬁ41!DﬃﬂH)"U.ﬃﬁﬁD/.4)"ﬀi.ﬃ'$@+ﬁ&ﬂh4ﬁrM 2121s6=oﬁF.ﬃﬁ"$9ﬁ12 2>ﬀZ12A@$5 ﬃn+ﬁ+'Z12ABﬂvﬁ4;CD4+
6/.4)""TJj{|.4ﬁ;c
/.ﬃf+ﬁg&u5 !ﬁ.rﬁ+fﬃﬂ 2',ﬁ+41V.ﬃ !4'B4=+0.ﬃﬁ4ﬁ Ii : Vi → Vh i,.ﬃ'$</.ﬃ
.:)"4'Z 2',4#.ﬃ'$B)",+ﬁ)+ 2RU-6 212 2'F.ﬃ
ﬂh4;
ai(·, ·) /.ﬃg.ﬃﬁ"u5 2;*.ﬃﬁ" a(·, ·)  !
$&%'"$_4'F.4)0 Vi J
ek 2'/.ﬃ1212AUi1!+goﬁﬃm")+ !4'5`Y12 2~UD4=+0.ﬃﬁ4ﬁ T˜i : Vh → Vi $&%'"$9.4
ai(T˜iu, v) = a(u, Iiv) ∀v ∈ Vi, i = 1, . . . ,M W 5JU]
.ﬃ'$_r4=+0.ﬃﬁ4ﬁ Ti : Vh → Vh .4 IiT˜i JHt12>U+60.ﬃ !)F.ﬃ1212AUi/M[r)F.ﬃ'9$&%'D.:ﬁﬃm")+ !4'E4=+0.ﬃﬁ4 Ti
.4
Ti = R
T
i Ai
−1RiA, i = 0, . . . ,M
M+ﬁ
Ai
 !
o.ﬃ12>U+60.ﬃ !)r4=+0.ﬃﬁ4DW}7;*.ﬃ u]
.40ﬁ,)+ V.ﬃﬁ"$ﬁ
ai(·, ·) iM !)ﬁ9 2'o)F.40M+ﬁ
ai(·, ·) = a(·, ·) 0.ﬃ~U"_Eﬂh4; RiARiT J )4ﬁ8/.ﬃ_ ﬂ u  !B80412 !4'xﬃﬂDﬁ461!+; W 5J ﬀT]
.4ﬁﬁQ)+ V.ﬃﬁ"$BM 2@re3G.ﬃﬁ"u5 2;*.ﬃ !4'EﬃﬂgW 5JU]&i+'
Ti u = Ri
TAi
−1RiAu = Ri
TAi
−1Ri f .
W 5JU]
            	               	 

ZTioﬁ"12gﬃﬂ
Tiu
$++'$g041!+12AB4'
f
J

* !$F.@ !Dﬁ9$&%'O.@'+M "I,/.ﬃ !4'sik 2'>9=412A,'4;< V.ﬃ1! 2'
Ti
J_
 !"I,/.ﬃ !4'M 2121N/."RU
r0.ﬃ;cﬁ412 !4'
u
J+)-4ﬁr/.ﬃg 2# !g=ﬀﬁ 261!oﬁc)F.ﬃ1!)+1V.ﬃﬁ"ﬁo=412AQ'4;< V.ﬃ1!# 2')"DMN.ﬃ12ﬁF.4$5A
~Q'FMyFM ﬁ:)"4;<ﬁ
Tiu
ﬂvﬁ4; W 5JU]&i/.4
MN+121j.4
Tiv
ﬂv4g.ﬃ',AO>ﬀ 2RU+'
v
J
s+
P(T0, T1, . . . , TM )
6=.ﬃ'ZA<4;c4>U+'"4
=412AQ'4;< V.ﬃ1/ 2'
Ti
i,.ﬃ'$*1!+
g = P(T0, T1, . . . , TM )u
JH
g>U+'+0.ﬃ1n.ﬃ60.4)+
XQ)ﬁ,M[.ﬃ\:;c+,$@ﬁ+1V.4)""go>ﬀ 2RU+'@12 2'F.ﬃ"IZ/.ﬃ !4'
Au = f
6ZABr4=+0.ﬃﬁ4#"I,/.ﬃ !4'
P(T0, T1, . . . , TM ) u = g,
W 5J
=,]
M !)ﬁw)F.ﬃ'S6_ﬁ412RU"$lﬁ 2'>iHﬂh4< 2'0.ﬃ')"ﬀi[.b7AQ1!FRl6/.4)"B;c+Q$nJSKL'P !cM[."AlM[B/."RU
ﬁ+1V.4)""$OW}=ﬀﬁ 2612A]k 2121`a)"4'$5 2 !4'"$O4=+0.ﬃﬁ4
A
M 2B.oﬁ")"4'$5 2 !4'"$4+0.ﬃﬁ4[/.ﬃM[#)F.ﬃ'
M 2ﬁD.4
P(T0, T1, . . . , TM ) = BA
JH
oﬁ")"4'$5 2 !4'+
B
 !+ﬁ&ﬂh4ﬁD$&%'"$_ 2;<12 !)+ 212AUJ
eﬁ4; .ﬃ60.4)+kﬂh4;D1V.ﬃ !4'EW 5J
=,]M[)F.ﬃ'p460.ﬃ 2'p[aM[ﬃ`Y1!+RU+1.4$$5 2 2RU#XQ)ﬁ,M[.ﬃ\;c+,$
.4g$&%'"$_6,A_"IZ/.ﬃ !4' W 5J U]ﬁ+ 2'>
P−1S,C,addA = BA = T0 + T1 + . . . TM .
W 5JU]
-+ﬁﬀi,ﬁ")"4'$5 2 !4'+g !N 2;<12 !)+ 212AO$&%'"$6ZAOﬁ;ﬃﬂﬁﬃm")+ !4'
Ti
4'Zﬁ:-6/.4)""
Vi
JNX, 2')"
Ti = BiA
iMNr/."RU
P−1S,C,addA =
M∑
i=0
Ti =
(
M∑
i=0
Bi
)
A,
.4ﬁ+R, !412AE$&%'"$E6,A9"I,/.ﬃ !4'lW 5J U]&J-
 !-ﬁ")"4'$5 2 !4'+o !)F.ﬃ121!"$ C$8$8 6 576 < 2')"Dﬁﬃ`
m")+ !4'g4'Zﬁ*r6/.4)""#.ﬃﬁD 2;<12AB.4$$"$nJ

ﬀ2813,A    	
>IB 5 <
ﬀ>DB 576< C ﬂ?3  C @.< 6;@ﬀ5 < A1E3 3I/21E3 576 FD3 6 C 576:<ﬃ   H+C
 /=< 5EB 8
+5EC 5 
< C$8:@
P−1S,C,multA = (I − T0)(I − T1) . . . (I − TM ).
W 5J?U]

35EB:1  5 <'/2143576FI3 6C 576 < ﬃ  H+C
 2/=< 5 BG8 
< < C 3 @=5%B ﬂ< ﬂ<.595 <
 B:>D8 6 5769B:>I< 8(5EC 55<!C$8$8 6 576 <
B:>I< 
I675I6 @  3< C
 
 B:/      ﬃ 5EC 5 5 <+@A1 ﬂA@ F C<A@ /21 @ 5 ﬂ< 5 
 <C 5 < 8#B >I< C  5 <
 5 < B$5 <

 6 >!C0@.<.1<?>D5767C:3
H+C
0H46;3<=6;>     ﬃB >I< C:> B:>@A698 <
 <C F 
 B 'G< .5%B

Ti
@.< FC
 C$5 <?3  C:>I8(5<?> @A6 / FI3 ,C$8$8 5 <

<A@A1E3 5 @ ﬀﬂ <
<.B
<
 .B
25 <=84< >675767B > B 0F C
 C:3 3 <?3IF 
 < B:>D8:675767B >I<
A@    ﬃ EC @'5%B ﬂ<F 
<G<
 
< 8 5%B
    ﬃ
)-FMwMN 2',ﬁ,$5)"ﬁQ41!f/.ﬃN.ﬃﬁ#ﬁ"$< 2'cg)"4',RU+>U+')"o.ﬃ'/.ﬃ12AQ !NﬃﬂsXQ)0ZM
.ﬃ\-;c+Q$FJ
{|#ﬁ0.ﬃfM 2*gﬂv4121!TM 2'>1!+;<;*.5JH
 !Nﬁ,ﬃﬂs)F.ﬃ'O6
ﬂh4'$niﬀﬂh4 2'ﬁ0.ﬃ')"ﬀiZ 2'  X M; ?iQXQ")+ !4'
5J ﬀ#Wvﬁ"<.ﬃ1!ﬁO/.ﬃ>U" ﬀ?.ﬃ'$ ﬀ?ﬁﬀpﬃﬂp0.ﬃ;c:6=,4~_ﬂh4ﬂ}+7ﬁ&ﬂh+ﬁ+')""D.ﬃ64- !71!+;<;*.U]&i
.ﬃ'$_ !ﬁ+=4ﬁ"$_+ﬁ7ﬂh4r0.ﬃ~UoﬃﬂH)"4;<1!+ﬁ+'"ﬁFJ
.Iﬀ98)8)1A   
 < >I< T =∑Mi=0 Ti ﬀﬂ < >
 ∀uh ∈ Vh 

a(T −1u, u) = min
ui ∈ Vi
u =
∑M
i=0 Iiui
∑
i
ai(ui, ui).
W 5J ﬀ]
@  
           
         	                	    
  
 BGB ej 2ﬁﬁFiMNr)"4'ﬁ)+.p/.ﬃ !)+1V.ﬃ$")"4;<=ﬀ 2 !4'8ﬃﬂ
u
M !)0E0.ﬃ !%/"DW 5J ﬀ]&u.4)+12AUi/.ﬃ'$
+'@M[oﬁFRUD/.ﬃ
a(T −1u, u) ≤
∑
i
ai(ui, ui) ∀ui ∈ Vi,
∑
i
Iiui = u. W 5J@U]
s+
ui = T˜iT −1i u
5+'
∑
i Iiui =
(∑
i IiT˜i
)
T −1u = u .ﬃ'$
∑
i
ai(ui, ui) =
∑
i
ai
(
T˜iT −1u, T˜iT −1u
)
=
∑
i
a
(T −1u, TiT −1u)
= a(T −1u, u).
)-FMriM[oﬁFRUW 5J@U].4
ﬂh4121!FMgR
a(T −1u, u) = a(T −1u,
∑
i
Iiui)
=
∑
i
a(T −1u, Iiui)
=
∑
i
a(T˜iT −1u, ui)
 6,A
&
` X ﬀ ≤
[∑
i
ai(T˜iT −1u, T˜iT −1u)
]1/2 [∑
i
ai(ui, ui)
]1/2
=
[∑
i
a(T −1u, TiT −1u)
]1/2 [∑
i
ai(ui, ui)
]1/2
= a(T −1u, u)1/2
[∑
i
ai(ui, ui)
]1/2
.

 !kA, !+1!$W 5J@U]&J -+ﬁﬀi
&
` Xr;cF.ﬃ'3/.ﬃkﬁ[/.4k6"+':;*.4$
ﬃﬂ/
&
.ﬃ)ﬁ,AZ` XQ)0ZM[.ﬃ\- 2'"I,/.ﬃ12 2aAUJ

.ﬃ60.4)+H)"4'ZRU+>U+')"g"4Aoﬂv43AQ;<;c+ !)[ﬁ461!+;cH)"+'Zﬁ".ﬃﬁ4'$:ﬁ"[/.ﬃ0.ﬃ;c+ﬁ+ﬁFi
$&%'"$_ 2'@ﬁ+;c#ﬃﬂk7ﬂh4121!FM 2'>Oﬁ"r$&%' 2 !4'FJ
LNﬀ   	 A   
J< 5
C0
ﬂ<!5 <2/26 >6 / 1E/ B:>@ 5%C:> 5 @?1 ,5EC 5 .B
!C:3 3
uh ∈ Vh 5 <
<-< 
 6 @ 5 @2C

< F 
<A@.<?>D5%C 5767B >
uh =
∑M
i=0 Iiui, ui ∈ Vi
@A1 5EC 5
M∑
i=0
ai(ui, ui) ≤ C20a(uh, uh).
W 5JU]
            	               	 
LNﬀ   	 A     
J< 5
i,j = inf
ui∈Vi,vj∈Vj
|a(Iiui, Ijuj)|
a(Iiui, Iiui)1/2a(Ijuj , Ijuj)1/2
.
 
B$5 <#5 C 5
0 ≤ i,j ≤ 1  ﬀﬂ<?>
3< 5 ρ() ﬂ< 5 <#@%F< .5 
 C:3 
 C$8:6 14@ B #5 <#/!C 5 
?6 
  HEB @G< < > 5 
A6%<A@ C
<
5 <
i,j


LNﬀ   	 A    A 
J< 5
ω
ﬂ< 5 <#/26;> 6;/21E/ B:>@ 5%C:> 5
@?1   5 C 5
a(Iiui, Iiui) ≤ ωai(ui, ui) ∀ui ∈ Vi, i = 0, . . . ,M W 5JU]
H<
 < H < C @A@A1E/=< 5EC$5 5 <
ai(·, ·) C
 < @?14675%C ﬂ?3 !@ C:3< 8 

ﬀ2813,A    
 < > 6 5769B:>@      
     C:>D8      C
< 14@A1C:3;3  6 >G<
 
< 8#5%B#C @f.4ﬁ;< !4'

@.<<

.B
6;>@?5%C:> A<
 &ﬃﬁ !   
e4D.O12 2'F.ﬃr4=+0.ﬃﬁ4 L i=M !)ﬁ !o0+1ﬂ `L.4$ﬃm4 2'Z7M 2ﬁ"=")+7ﬁ a(·, ·) iMN:ﬁ: .FA,1!+ 2>ﬀ
I,4 !+'Z)0/.ﬃ0.4)+ﬁ+ !0.ﬃ !4'bﬃﬂjr&u5ﬁ+;cr+ 2>U+'ZRﬀ.ﬃ12"R
λ(a)max(L) = max
u6=0
a(Lu, u)
a(u, u)
, λ
(a)
min(L) = min
u6=0
a(Lu, u)
a(u, u)
.

r)"4'$5 2 !4'E'Z;D6=+#ﬃﬂ L  !+'9>ﬀ 2RU+'@6ZA
κ(L) = λ
(a)
max(L)
λ
(a)
min(L)
.
KL'84ﬁ$+oﬁ_.ﬃ12A9:ﬁ")"4'$5 2 !4'"$ )"4'4m >Z.ﬃﬁ:>ﬀ0.4$5 !+'ZD;c+,$bﬁp4+0.ﬃﬁ4 T i= 2-;
6=oA,;<;c+ !)rM 2@ﬁ"=")+ﬁ
a(·, ·) i/.ﬃg !
a(T u, v) = a(u, T v).
KLgF.4 212A0"+'_/.ﬃgr4=+0.ﬃﬁ4ﬁ Ti $&%'"$_ 2'W 5JU]g.ﬃﬁoﬁ+1ﬂ}`L.4$ﬃm4 2'Zg 2' a(·, ·) J
{|c)F.ﬃ''FM ﬁTR, !$O.B64'$ﬂv4o*.ﬃ6ﬁ0.4)+:.4$$5 2 2RUOXQ)0ZM[.ﬃ\B;c+Q$ 2'|ﬁ+;cﬃﬂ[
/.ﬃ0.ﬃ;c+ﬁ+ﬁ 2'@$&%' 2 !4'/5J5J ﬀ i-5J5J*.ﬃ'$45J5J5J
.Iﬀ98)8)1A   A 1 7
13N
  13  8)ﬀﬁ 		 
ﬀﬂ <2C ﬂA@?5 
 C.5*C$8 8:6 576 <"ﬃ   H+C
  /=< 5EBG8 @.C 576;@ 
 <A@
κ(P−1S,C,addA) ≤ ω [1 + ρ()]C20 ,
H <
<
C0, ρ()
C:>I8
ω
C
<!5< B >@?5%C:>D5 @'B '8 < +>6 5769B:>@     
     C >D8       
 
 <?@%F< G576 < 3    A>
F C
 576 143 C


1/C20
6;@ C=@ EC
 F 3 B:H <
 ﬂB:14>I8 B:> 5 <#@A/!C:3 3 <?@?5<?6 4<?> C:3 1<'B 
BA
C:>D8
ω [1 + ρ()]
6;@
C ﬂ B:1E>D8 B:>,5 <#3C
 <A@ 5 < 6  < > C:3 1<!B 
BA

=   
           
         	                	    
  
 BGB 
o64'$_4'_D;*.ﬃ121!"g+ 2>U+'ZRﬀ.ﬃ12oﬂh4121!FMgg 2;<;c"$5 V.ﬃﬁ+12ABﬂ}ﬁ4; 1!+;<;*. 5J5J*.ﬃ'$_$&ﬂ `
 2' 2 !4' 5J5J ﬀ J
{|#'FM6=4'$cg1V.ﬃ>U"N+ 2>U+',R4.ﬃ12ﬀJH{|%ﬁﬁF.ﬃNg6/.4)""
Vi, i = 1, . . . ,M
iZM 21!
r/.4)"
V0
 !ﬁF.ﬃﬁ"$@0+/.ﬃ0.ﬃﬁ+12AUJf{|7/."RU
a
 M∑
i=1
Tiv,
M∑
j=1
Tjv
 = M∑
i,j=1
a(Tiv, Tjv)
 6ZA_$&ﬂJI5J5J ﬀ ﬀ ≤
M∑
i,j=1
i,ja(Tiv, Tiv)1/2a(Tjv, Tjv)1/2
≤ ρ()
M∑
i=1
a(Tiv, Tiv)
 6ZA_$&ﬂJI5J5J ﬀ ≤ ωρ()
M∑
i=1
ai(T˜iv, T˜iv)
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αi(u)Φi(x)|Ωˇ.
e+Fi/1!+gﬁ+
Ni = {j | Θj ∩Θi 6= ∅} . W 5J?U]
{|o/.FRU
‖Q0u‖2L2(Ωˇ) =
∑
i∈B
∑
j∈Ni∩B
(αi(u)Φi, αj(u)Φj)L2(Ωˇ)
≤
∑
i∈B
∑
j∈Ni∩B
|αi(u)| · |αj(u)| · ‖Φi‖L2(Ω)‖Φj‖L2(Ω)
 6,ABﬁ4sJ05J5J5J 6 ﬀ ≤ CHd0
∑
i∈B
∑
j∈Ni∩B
1
2
(
α2i (u) + α
2
j (u)
)
≤ CHd0 max {cardNi}
∑
i∈B
α2i (u)
 6ZA|W 5JU] ﬀ ≤ C ‖u‖2L2(Ξˇ)
≤ C ‖u‖2L2(ΩΓ)
<- 2'><o1V.4 2'"I,/.ﬃ12 2aABﬁ4>U++#M 29 2'"IZ/.ﬃ12 2LAW 5JU]
>ﬀ 2RU"
‖u−Q0u‖L2(Ωˇ) ≤ C‖u‖L2(Ωˇ) ≤ CH0|u|H1(ΩΓ).
KL'9.ﬃ'E.ﬃ'/.ﬃ1!4>U4gM
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Ωˇ
&uQ1!4 2 2'>Oﬁ4+LA45J5J5J .5i460.ﬃ 2' 2'>
|Q0u|2H1(Ωˇ) ≤ CH−10 /δ0 ‖u‖2L2(ΩΓ)
 6,A|W 5JU] ﬀ ≤ CH0/δ0 |u|2H1(ΩΓ) .
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Ωˆ
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u ∈ Vh i51!+#g)"4' !$+.ﬃ'@&u5ﬁ+' !4' uE 0.ﬃ !dﬂvA, 2'>
‖uE‖H1(Rd) ≤ ‖u‖H1(Ω), uE = u
 2'
Ω.
e4
j = 1, . . . , n0
iMNc$&%'
Θ?j = ∪i∈NjΘi
M 2 Ni >ﬀ 2RU+'6ZAqW 5J?U]&ik.ﬃ'$ Ξj ﬁB6=<<6/.ﬃ121
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Θ?j
Jfeﬁ4;Cﬁ4=+aA45J5Jp !
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diam(Ξj) ≤ CH0.
==  
           
         	                	    
{|o'TMxﬁ7re !"$5 !)0G 2'"I,/.ﬃ12 2aA_ﬃﬂ37ﬂh4;
‖u‖L2(Ξj) ≤ CH0 |u|H1(Ξj) , ∀u ∈
{
v ∈ H1(Ξj) |
∫
Ξj
vdx = 0
}
.
W 5Jﬀ]
e4#+RU+A
j = 1, . . . , n0
M[r$&%'
cj =
∫
Ξj
uEdx, u¯j = uE − cj .

+'siﬃe !"$5 !)03 2'"IZ/.ﬃ12 2LAo41!$sﬂh4j+RU+A
u¯j
J ﬂ-ﬁgﬁ4=+aAC5J5J5J )ﬀi^ﬂh4j+RU+A
x ∈ Θj∩Ωˆ
 241!$
(Q0u)(x) = (Q0u¯j)(x) +Q0cj
=
∑
i∈Nj
αi(u¯j)Φi(x) + cj
∑
i∈Nj
Φi(x)
 6ZABﬁ4sJ05J5J5J ) ﬀ
= (Q0u¯j)(x) + cj .

+ﬁ&ﬂh4ﬁﬀi
‖u−Q0u‖2L2(Ωˆ) ≤
n0∑
i=1
‖u−Q0u‖2L2(Ξi∩Ωˆ)
=
∑
i
‖(I −Q0)(u¯i + ci)‖2L2(Ξi∩Ωˆ)
=
∑
i
‖(I −Q0)u¯i‖2L2(Ξi∩Ωˆ)
≤ 2
∑
i
(
‖u¯i‖2L2(Ξi∩Ωˆ) + ‖Q0u¯i‖
2
L2(Ξi∩Ωˆ)
)
.
W 5J@U]
e+Fi
‖Q0u¯i‖2L2(Ξi∩Ωˆ) ≤
∥∥∥∥∥∥
∑
j∈Ni
αj(u¯i)Φj
∥∥∥∥∥∥
2
L2(Ω)
≤
∑
j∈Ni
|αj(u¯i)| · ‖Φj‖L2(Ω)
2
≤ card{Nj}
∑
j∈Ni
α2j (u¯i) ‖Φj‖2L2(Ξi∩Ωˇ)
 6ZA45J5J5J 6E.ﬃ'$ W 5JU] ﬀ ≤ C ‖u¯i‖2L2(Ξi∩Ωˇ) .
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‖u−Q0u‖2L2(Ωˆ) ≤ C
n0∑
i=1
‖u¯i‖2L2(Ξi)
≤ CH20
n0∑
i=1
|u¯i|2H1(Ξi)
≤ CH20 |u|2H1(Ω) .
{|o/.FRUo+ﬁ&ﬂv4ﬁrﬁFRU"$@1!+;<;*.K5J5J =J .5i/ 2')"
‖u−Q0u‖2L2(Ω) = ‖u−Q0u‖2L2(Ωˇ) + ‖u−Q0u‖2L2(Ωˆ)
≤ CH20 |u|2H1(ΩΓ) + CH20 |u|2H1(Ω)
≤ CH20 |u|2H1(Ω) .
jp%' !@oﬁQﬃﬂi5MNo'94ﬁ 5J5J =J 6@ 2'
Ωˆ
JH{|7/."RU
|Q0u|2H1(Ωˆ) ≤
n0∑
i=1
|Q0u|2H1(Θi∩Ωˆ)
=
n0∑
i=1
|Q (u¯i)|2H1(Θi∩Ωˆ)
≤
n0∑
i=1
∣∣∣∣∣∣
∑
j∈Ni
αj(u¯i)Φj
∣∣∣∣∣∣
2
H1(Ω)
≤
n0∑
i=1
∑
j∈Ni
|αj(u¯i)| · |Φj|H1(Ω)
2
 6ZABﬁ4sJ05J5J5J .O.ﬃ'$|W 5JU] ﬀ ≤ CH
d−1
0
δ0
H−d0
n0∑
i=1
∑
j∈Ni
‖u¯i‖2L2(Θi)
 6ZAW 5Jﬀ] ﬀ ≤ CH0
δ0
n0∑
i=1
|u¯i|2H1(Ξi)
≤ CH0
δ0
|u|2H1(Ω) .
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Ωi ⊂ Rd, d = 2, 3 
 ﬂ< C 
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
δ > 0
ﬀﬂ < >
  B
 C:>  ?14> G5767B:>
u ∈ H1(Ωi) 

‖u‖2L2(Γδi ) ≤ Cδ
2
[(
1 +
H
δ
)
|u|2H1(Ωi) +
1
Hδ
‖u‖2L2(Ωi)
]
.
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(0,H) × (0,H) J[X, 2')"
u(x, 0) = u(x, y)−
∫ y
0
∂u(x, τ)
∂y
dτ,
MNo%'$ni6ZA_+1!+;c+'Z0.ﬃA9.ﬃ>ﬀ;c+',ﬁFi/.ﬃ
H
∫ H
0
|u(x, 0)|2dx ≤ 2
∫ H
0
∫ H
0
|u(x, y)|2dxdy +H2
∫ H
0
∫ H
0
∣∣∣∣∂u∂y
∣∣∣∣ dxdy.

+ﬁ&ﬂh4ﬁﬀi
H
∫ H
0
|u(x, 0)|2dx ≤ 2‖u‖L2(Ωi) +H2|u|2H1(Ωi).
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∫ H
0
∫ δ
0
|u(x, y)|2dxdy ≤ δ2|u|H1(Ωi) + 2δ
∫ H
0
|u(x, 0)|2dx.
&
4;D6 2' 2'>O !.ﬃ'$_7ﬁ+RQ !4g 2'"I,/.ﬃ12 2aABAQ !+1!$
∫ H
0
∫ δ
0
|u(x, y)|2dxdy ≤ δ2|u|H1(Ωi) + 2δ
(
2
H
‖u‖L2(Ωi) +H|u|2H1(Ωi)
)
.
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u ∈ Vh 
#5 <
<
< 
:6;@?5 @ C 8 < B:/0F B @A675769B:> {ui} , i = 0, . . . ,M, ui ∈ Vi 
 @?1 5 C 5
u =
M∑
i=0
ui,
C:>D8
M∑
i=0
|ui|2H1(Ω) ≤ C
(
1 +
H
δ
)(
1 +
H0
δ0
)
|u|2H1(Ω),
H
675
H0 ≤ H C:>I8 δ0 ≥ δ 
  
 BGB 0ﬂ-&%'
Ih
ﬁp677%'r;c"@4+0.ﬃﬁ4
Ih : V → Vh ﬁ)ﬁ@/.ﬃ
Ih(u) =
n∑
i=1
u(xi)ϕi
            	               	 = 
M+ﬁ
ϕi
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xi
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=4 2'ZﬁFJ+
ηi
6=r.p/.ﬃ 2 !4'9ﬃﬂ3' 2aA_)0@/.ﬃ
ηi ∈ C∞0 (Ωi)
.ﬃ'$
0 ≤ ηi ≤ 1 Jf{|o+'9$&%'
u0 = Q0u, w = u− u0, ui = Ih(ηiw).
&
1!F.ﬃ12AUi6,AB)"4'ﬁ)+ !4'si
M∑
i=0
ui = u.
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4'q@FRU+1V.ﬃsi
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ηi
ﬁ:/.ﬃ |∇ηi|2L∞(Ω) ≤ C/δ2
JHKaﬂ
K
 !g.: 2'>ﬀ1!o+1!+;c+',g 2'
o V.ﬃ'>ﬀ1V.ﬃ !4'E !g)F.ﬃ'@6=o&uQﬁ"ﬁ0"$@.4
‖ηi − η¯i‖2L∞(K) ≤ C(h/δ)2,
W 5J = U]
η¯i
6+ 2'>c."RU+0.ﬃ>UDﬃﬂ
ηi
4'9+1!+;c+'Z
K
J
ﬂRU+.pﬁ 2'>ﬀ1!r+1!+;c+'Z
K
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|ui|2H1(K) = |Ih [η¯iw + (ηi − η¯i)w]|2H1(K)
≤ 2 |η¯iw|2H1(K) + 2 |Ih(ηi − η¯i)w|2H1(K)
≤ 2 |η¯iw|2H1(K) +Ch−2 ‖Ih(ηi − η¯i)w‖2L2(K)
≤ 2 |η¯iw|2H1(K) +Ch−2 ‖ηi − η¯i‖2L∞(K) ‖Ihw‖2L2(K) .
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h
i
δ
i
H
.ﬃ'$
H0
isﬃﬂ
ui
 !r'4'5`Y\F+ﬁBﬂv4D.ﬃ',A8+1!+;c+',
K
inMN*460.ﬃ 2'|;<;< 2'>
FRU+
i
.ﬃ'$_ 2'>9W 5J = U]
M∑
i=1
|ui|2H1(Ω) ≤ C
M∑
i=1
|ui|2H1(Ω) +Cδ−2
M∑
i=1
‖ui‖2L2(Γδi ) .
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M∑
i=1
|ui|2H1(Ω) ≤ C |w|2H1(Ω) + C
M∑
i=1
[(
1 +
H
δ
)
|ui|2H1(Ω) +
1
Hδ
‖ui‖2L2(Ω)
]
≤ C |w|2H1(Ω) + C
(
1 +
H
δ
)
|w|2H1(Ω) + C
1
Hδ
‖w‖2L2(Ω)
 6ZAB1!+;<;*. 5J5J =J . ﬀ ≤ C
(
1 +
H
δ
)
|u−Q0u|2H1(Ω) + C
H20
Hδ
|u|2H1(Ω)
 6ZA45J5J =J 6si
H0 ≤ H ﬀ ≤ C
(
1 +
H
δ
)(
1 +
H0
δ0
)
|u|2H1(Ω) + C
H0
δ
|u|2H1(Ω)

δ0 ≥ δ ﬀ ≤ C
(
1 +
H
δ
)(
1 +
H0
δ0
)
|u|2H1(Ω) .
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.ﬃ'$_/.ﬃ ∫
QH
|∇Eh,?ηh|2 =
∫
Q̂
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u(0, y) = 1.5, u(x, 0) = 1.5 − 2x, x(1, y) = −0.5.
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A˜1
∂Q
∂x1
+ A˜2
∂Q
∂x2
+ A˜3
∂Q
∂x3
= 0
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A˜1 =

u1 a 0 0 0
a u1 0 0 0
0 0 u1 0 0
0 0 0 u1 0
0 0 0 0 u1
 , A˜2 =

u2 0 a 0 0
0 u2 0 0 0
a 0 u2 0 0
0 0 0 u2 0
0 0 0 0 u2
 , A˜3 =

u3 0 0 a 0
0 u3 0 0 0
0 0 u3 0 0
a 0 0 u3 0
0 0 0 0 u3
 .
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∂W˜ =

β
ρa∂p+Ms · ∂u
β
ρa∂p−Ms · ∂u
Mt · ∂u
∂p
ρa +Mn · ∂u
∂p− a2∂ρ
 = L∂Q
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L =

β Ms1 Ms2 Ms3 0
β −Ms1 −Ms2 −Ms3 0
0 Mt1 Mt2 Mt3 0
1 Mn1 Mn2 Mn3 0
0 0 0 0 1
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max (ι2, |M2 − 1|),
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ι = 0.05
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∂x
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P =
1
q

χM2
β2
−χMu1
β2q
−χMu2
β2q
−χMu3
β2q
0
−χMu1
β2q
η
u2
2
q2
+ χ η u1u2
q2
η u1u3
q2
0
−χMu2
β2q
η u1u2
q2
+ χ η
u2
2
q2
η u2u3
q2
0
−χMu3
β2q
η u1u3
q2
+ χ η u2u3
q2
η
u2
3
q2
0
0 0 0 0 1
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χ =
β
max (M, 1)
, η =
χ+ β2
β2
− χ.
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∂W
∂Q
P−1R
[
LPA˜1R
∂W˜
∂x
+ LPA˜2R
∂W˜
∂y
+ LPA˜3R
∂W˜
∂z
]
= 0.
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∂W
∂Q
P−1RΠ(W˜) = 0
W=JU]
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Π(W˜) =

χµ+n + χβ s χµ
−n
χ
β t 0 0
χµ−n χµ+n− χβ s χβ t 0 0
χ
2β t
χ
2β t χn 0 0
0 0 0 n 0
0 0 0 0 n
∇W˜
W=JﬁﬀT]
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µ± =
M2 − 1± β2
2β2
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∂F1
∂x
+
∂F2
∂y
+
∂F3
∂z
= (r1, r2, r3)
a˜∇
 W˜1W˜2
W˜3


︸ ︷︷ ︸
φTcoupled
+λ4 · W˜4r4︸ ︷︷ ︸
φTenthalpy
+λ5 · W˜5r5︸ ︷︷ ︸
φTentropy
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a˜ =
 χµ
+n + χβ s χµ
−n
χ
β t
χµ−n χµ+n− χβ s χβ t
χ
2β t
χ
2β t χn
 = (a˜1, a˜2, a˜3).
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